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Abstract

In this article we make a detailed study of different L2-invariants mainly from the perspective of
analysis.

In Chapter | we introduce the readers some basic concepts pertaining to our following discussion of
L?-invariants. In particular, this includes an quick survey of Borel functional calculus, Hodge theory
and equivariant CW-complexes, together with an heuristic approach to Whitehead torsion. Readers
who are familiar with these terms can skip this section and refer back in times of need.

In Chapter 2 we define all the L2-invariants that are central to our discussions. All of them
have been approached from both the topological and analytic angles, with some essential properties
discussed along the way. In the ending sessions of this chapter we shall see the both approaches give
us the same invariant.

In Chapter 3 we study the L-invariants of symmetric spaces. To do so, one needs a systematic
inspection of heat kernel of the underlying manifolds. Two pillars of this machinery are Harish-
Chandra’s Plancherel formula, which allows us to express the heat kernel in forms of global characters of
irreducible unitary representations, and continuous (g, K')-cohomology, which allows us to investigate
dimension of each irreducible unitary representations. In such case we have many vanishing results,
which help us to further reduce the amount of work. In the last section of Chapter 3 we bring the
analytic data captured by Plancherel formula and the representation data captured by continuous
cohomology together to prove the theorem.

To stay on the main focus of this article is on L2-invariants, we skip most discussion on theory
of von Neumann algebra and C*-algebra. Well-known results, such as Gelfand-Naimark theorem and
Double Commutant theorem are often cited rather than properly stated. Readers who are interested
in such can consult classical textbooks on such realms such as [Conl3], and also [Murl4] and [Dix82]
for a more algebraic approach.

Convention of Notations

Throughout this article we denote Hilbert spaces over complex number C as H, with inner product of
the Hilbert space (—, —). B(H) is used to denote the space of all the bounded linear operators on H
and L(H) the space of all linear operators on H.

There are also cases we need to compare the asymptotic behaviour of two functions. If for two
functions on R, with g > 0, we uses the Big O-notation:

f=0(g9) asz — o0

if there exists a constant C' > 0 such that |f(x)| < C - g(z) for all z sufficient large.

We also fix the notation 05?) to be the EQ(G) ® Cy when C, is a chain complex of CG-modules.
The context will specify which the specific group is.

Throughout this article we cross-referred the theorems, propositions, etc. with both term and
numbering. Formulae are referred solely with numbers.
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Chapter 1

Preliminaries

In this chapter we will briefly introduce all pertinent tools that are vital in our later discussion of
L2-invariants.

1.1 Survey on Borel Functional Calculus

In this section we briefly survey Borel functional calculus, one of the most important tools in ensuing
discussions. In general terms functional calculus is used to study the following question: given a linear
operator T on Hilbert space H, how does f(T') behave on H for a function f : C — C. It turns
out when the spectrum of 7' is well-behaved enough, we can define f(7') for a rather large class of
functions. For our purpose we only consider (possibly unbounded) normal operators.

Definition 1.1. A linear operator 1" on H is normal if T is closed, densely defined linear operator
on H and H*H = HH*'

Definition 1.2. If X is a set, ) is a o-algebra of subsets of X and H is a Hilbert space. Then a
spectral measure for (X,Q, H) is a function E : Q — B(H) satisfying:

1. For each S € Q, E(S) is a projection;

2. E() =0 and E(X) = idp;

3. E(S1NS2) = E(S1)E(Sy) for 51,52 €

4. If {5,152, are pairwise disjoint sets from Q, then E(LS2,S,) = > 2| E(Sy).

Note for each h,k € H fixed, we can defined a complex-valued measure Ej, ;, on X by letting:
For each S € Ey i (S) = (E(S)h, k) (1.1)

Consequently for any 2-measurable function ¢ : X — C, we can define a normal operator Ty on H as
follows:

Dom(Ty) = {h € H | /y¢\2 dE, ), < oo}
Then the operator [ ¢ dE is uniquely determined by the property that for all A € Dom(T},) and
feH,
([ ¢apm. )= [0 aEn, (12)

In particular E)T can be retrieved as X(_oo, (1), where xg is the characteristic function of S.

The following spectral theorem now asserts that each normal operator determines a unique spectral
measure on C:

'Note the definition inexplicitly says Dom N*N = Dom NN*, but it is not necessary that Dom N*N = Dom N.



1.1. SURVEY ON BOREL FUNCTIONAL CALCULUS

Theorem 1.3 (Spectral Theorem). [Conl3, Chapter X, Theorem 4.11] If T' is a normal operator
on H, then there is a unique spectral measure E defined on the Borel subsets of C satisfying:

1. T=[zdET;
2. E(S)=0if S is a Borel subset of C and S Nspec(T) = 0;
3. If U is open subset of C and U Nspec(T) # 0, then E(S) # 0;

4. If A € B(H) commutes with N and N*, then A([ ¢ dE) C ([ ¢ dE)A for every Borel function
¢ on C.

Using spectral theorem we can derive many useful terms related to f. Define f € L(H) to be
positive if f is self-adjoint and (f(v),v) € Ry U {0} for all v € Dom(7").In such case we may define
a spectral measure on Ry U {0}. In particular, we could define the “square root” of such positive
operators as the following self-adjoint operator:

F7? ;:/0 A2 aE] (1.3)

where E{ is the unique spectral measure associated to f. It is easy to see f = fY/2 0 f1/2. For an
arbitrary operator f, it is easy to check f*f is a positive operator, and we define the “absolute value”
of f to be:

= = [ sl

0
As one might expect, there is also an analogue of polar decomposition for unbounded operators:

Theorem 1.4 (Polar decomposition). If T': Dom(T) C Hi — Ha is a closed, densely defined
unbounded operator between Hilbert space, then it has a (unique) polar decomposition

T =U|T| (1.4)

where U is a partial isometry, i.e., it is an isometry on the orthogonal complement of ker U. More-
over, U vanishes on the orthogonal complement of the range Im(|T)).

Definition 1.5. Let 7' : Dom(7") C H; — Hs be a linear operator defined on a dense linear subspace
Dom(T') of H;.Define an closed extension S of T' to be a closed operator S satisfying Dom(.S) D
Dom(T') and S|pom(ry = T In such case we denote S O T'. Define minimal closed extension of T
is then a closed extension Tii,, with domain:
Dom(Tin) :={z € Hy | Hzn}oe; C Dom(T) such that lim z, =z and lim Tz, exists} (1.5)
n—oo

n—o0

and we define Thin (z) = limy,—y00 TTy.

The reader is to note that Ty, corresponds closed extension minimal with respect to all possible
closed extensions, ordered under D.

Definition 1.6. The adjoint of an linear operator T is the operator T, whose domain is defined by:
Dom(T*) = {v € Hy | Ju € Hy such that Vo' € Dom(T), (/,u) = <T(u’),v>} (1.6)

When H; = Hs, we call T symmetric if T C T*, and self-adjoint if T'= T"*. We call T essentially
self-adjoint if T,,;, is self-adjoint, that is, T" admits unique self-adjoint extension.

As one might expect, for general unbounded operators, we can also define an maximal closed
extension that is maximal amongst all closed extensions. Nonetheless, within our scope of discussions,
in which cases the operators are often positive and symmetric densely defined, we deduce from the
following lemma that they admit unique extensions to a self-adjoint operator.



1.2. HILBERT N (G)-MODULE, TRACE AND VON NEUMANN DIMENSION

Lemma 1.7. [Lan12, A2, §1] Let A : Dom(A) C H — H be a symmetric, closed operator with densely
defined domain. If for all A\ € C\R we have Im(A + X\ -id) = H, then A is essentially self-adjoint.

Hence it makes no difference to distinguish different closed extensions. For practical purposes, we
concern ourself mostly with minimal extensions. The only significant cases of non-symmetric operators
are d, and 67 on p-forms, and for this we appeal to the result by Briining and Lesch:

Lemma 1.8. [BL92] Let M be a complete Riemannian manifold without boundary. Then there exists
a unique closed extension of dP : Q2(M) — L?QP(M) and of 6P : Q2(M) — L*Q(M).

We conclude this section by the following construction of bounded operator on L?-spaces. Define
the essential range of a function ¢ : X — C for some measure space (X, (2, u) to be:

essran(¢) := {p(9) | S € Q, u(X\S) =0} (1.7)

Proposition 1.9. Let (X, 1) be any o-finite measure space and H = L?(X,Q, 1) be the underlying
Hilbert space. Now for ¢ € L>(u) := L=(X,Q, 1), we define My on H by Myf = ¢ - f. Now:

L¥(p) = B(H) ¢ — M, (1.8)
gives an isometric representation of C*-algebra, with spec(My) = essran(¢).

Proof. Clearly this map is a *-homomorphism, hence it suffices to prove ||¢||o = |[My||. Note || M| <
o]l is straightforward. For the other direction, Take:

S:={re X ||o@@) = llo —c}  f:=(u(S) " xs
One readily checks [[My|| > ||¢f]13 > ||¢]loc — €. Take € — 0, we have || My|| > ||¢]|oo-

Next we prove spec(My) = essran(¢). First assume A ¢ essran(¢), hence we can find some
S € Q such that p(X\S) = 0 with dist()\, ¢(S)) > § > 0. Now take 1) = (¢ — \)~! € L®(u) with
My = (Mg — N)~! is again bounded, and we have \ ¢ spec(M,).

Conversely, if A € essran(¢), choose {S,}nen a sequence in Q with dist(\, ¢(S,)) < 1/n. Set
fo = 1(Sn) "V %xs, € L2(1), then we see || foll2 = 1 and |[(My — \) fall2 < 1 hence A € spec(My) by
approaching n — oo. O

1.2 Hilbert N (G)-Module, Trace and von Neumann Dimension

In this section we introduced von Neumann dimension of Hilbert N/ (G)-module. Note that in [Liic13,
Chapter 6.1] there is an extended dimension function, defined over all arbitrary A (G)-module, which
only depends only on the ring structure of N'(G). For the sake of simplicity we will not discuss it here.

Let G be a discrete group. Define £2(G) to be the completion of CG under the pre-Hilbert norm:

O XD 199) =D Aot (1.9)

geG geG geG

Remark 1.1. Given an element in CG one can always identify it with a function f : G — C with
compact support via:

CG—ClG) S Agr— (f:h»—>)\h) (1.10)

geG

with the inverse map being f — > o f(g9)g. Note this map is G-equivariant, i.e.:

(900 Y Agg)() = (D Aggoog)(h) = (D A 1,9)(h) = A1y, = (D Ag9) (90 ' P)

geG geG geG geG

6



1.2. HILBERT N (G)-MODULE, TRACE AND VON NEUMANN DIMENSION

Hence we may also define £2(G) to be:

*(G) = {f:G—>C|Z|f(g)\2<oo} (1.11)

geG

where G acts on f via (go f)(h) = f(g'h). The second definition also applies to general £P(G)-spaces
and when G is a Lie group.

Definition 1.10. The group von Neumann algebra N (G) of a discrete group G is defined as the
C*-subalgebra of B(£?(G)) that contains all G-equivariant bounded operators.

Definition 1.11. A Hilbert N (G)-module is a Hilbert space V together with a isometric linear
G-action such that there exists an isometric linear G-embedding of V' into H ® ¢?(G) for some Hilbert
space H. A morphism of Hilbert AV(G)-module is a bounded G-equivariant operator. A Hilbert
N (G)-module is called finitely generated if there is a surjection:

éeQ(G) -V
i=1

Remark 1.2. Note in the definition of Hilbert A/(G)-module only the isometric G-action is intrinsic.
We only request the existence of H for such G-embedding. Meanwhile, the Hilbert space structure
also gives the chain complexes of Hilbert N (G)-modules special structures, for instance:

1. From Inverse Mapping Theorem (c.f. [Conl3, Chapter III, Theorem 12.5]) we see every
bounded injective map between Hilbert spaces have inverse map bounded. Hence a map f :
U — V of Hilbert N(G)-modules is an isomorphism if and only if it is bijective;

2. If f: V — W a weak isomorphism between Hilbert N'(G)-modules, i.e., f is injective and has

dense image; then the unitary part is by Polar decomposition an isometric isomorphism between
V and W.

3. Recall any closed subspace U of a Hilbert space V is a closed subspace is a Hilbert space with
orthogonal complement W C V another Hilbert subspace such that V= U & W. Hence every
exact sequence of Hilbert N (G)-module splits.

It is natural to consider the trace of a positive operator. Nonetheless, as the group G can be
arbitrarily large, the trace of identity operator is often infinite. For this reason we want some suitable
trace function, which nicely encodes the G-action:

Definition 1.12. For a positive endomorphism f : V — V of Hilbert A(G)-module, we define f to
be the composite map:

f

fHPG) —T»V V —— H®/(G) (1.12)

where H is a Hilbert space into which V' admits an isometric G-embedding ¢, and 7 is the orthogonal
projection of H ® ¢?(G) onto V. Now define the von Neumann trace of f as:

trare) (f) = > _(Fhi®e), b @e) (1.13)
iel
where {b; | ¢ € I} is a Hilbert basis for H.

Remark 1.3. Note the definition of von Neumann trace is independent of the choice of Hilbert space
H, the choice of basis {b; | i € I}, as well as the choice of G-orthogonal projection .

Definition 1.13. We define the von Neumann dimension of a Hilbert N (G)-module to be the
trace of identity, i.e.:
dimN(G)(V) = tryva) (id: V—=1V)

Remark 1.4. It is easy to derive from the definition that for any map f between Hilbert N (G)-
modules, try()(f) = 0 if and only f = 0. Consequently dimy; ) (V') = 0 if and only if V' = 0.

7



1.3. HODGE THEORY

1.3 Hodge Theory

In this section we will have a brief review of the theory of harmonic forms, with other pertinent topics.
For a detailed discussion on this topic in the case of compact manifolds one can refer to [Mor01,
Chapter 4].

Let M be a smooth manifold without boundary (possibly noncompact). Denote Q2P(M) the space
of smooth p-forms on M. One can take that as the spaces of sections of the exterior algebra bundle
AP(TM ®p C) over M. Recall the wedge product of the exterior algebra can be extended to a map:

A QP(M) x QI(M) — QPFTI(M) (1.14)
Furthermore the p-th differential on the exterior algebra can also be extended to a map dP : QP (M) —
QPTL(M) which is uniquely determined by the following properties:
1. dP is C-linear;
2. d°f = grad f for any f € QO(M) = C=(M);
3. (product rule) for all w € QP(M) and n € Q4(M ), we have:

dPT(w A n) = (dPw) A+ (=1)Pw A din

4. dPtlodP =0
then the differential d* together with Q*(M) defined s a cochain complex:

LAy QP=1 (M) RN (M)~

the cohomology of which we defined as de Rham cohomology of M and denote by H g r(M).

If we further endow M with a Riemannian metric and an orientation, we can define an inner
product on forms with respect to the metric. Let n = dim(M). Define the Hodge star operator
*: QP(M) — Q"7P(M) by a C°°(M)-linear operator such that:

* (f“lkd:c,l VANRREIVAY d[L‘lk) = Sgl’l(I, J)flllkdle A A dxjn_k (115)

where j; < -+ < j,_k is the rearrangement of the complement of i; < --- < iy and sgn(/,J) the sign
of the permutation 41, -+ ,ig, 1, 5 Jn—r-

Define the adjoint of the exterior differential 67 = (—1)"T" !« dx : QP(M) — QP~1(M), and
Laplace operator on p-forms of the M is defined to be:

Ay i=dP o d? + 5P o dP : QP (M) — QP(M) (1.16)

Denote now QF(M) the subspace of smooth p-forms with compact support. Then QL (M) forms a
pre-Hilbert space under the inner product:

(o) 12 1= /MwA*n - /M<wx,nm> d (1.17)

by the integrating the inner product of each fibre over the whole manifold. Denote L2QP(M) to be the
completion of Q£(M) with respect to this inner product. Further define the space of L?-integrable
harmonic smooth p-forms we have:

Hp

1y (M) = {w € L20P(M) N Q" (M) | Ap(w) = 0} (1.18)



1.4. SURVEY ON G-CW COMPLEXES AND TORSION INVARIANTS

1.4 Survey on G-CW Complexes and Torsion Invariants

In this section we provide the concepts pertaining to G-CW complexes and Whitehead torsion of a
group G. These concepts are central to our discussions on L?-chain complexes as well as on L?-torsions.
For a thorough discussion on these topics the reader is advised to consult [tD87, Chapter II].

First we recall some basic chain constructions.

Definition 1.14. Given f : C, — D, be a chain map between chain complexes. Then the mapping
cylinder cyl, (f.) to be the chain complex C,_1 ® C, & D, with differential being:

—Cnp—1 0 0
—id ¢, 0]|:Ch10C®D,, — Cpro®Clh1® Dy (1.19)
fnfl 0 dn

Define the mapping cone cone,(f,) to be the chain complex C,_1 @ D,, with the differential being:

|:_Cn1 0:| :Ch190D,, — Cr—a® D, (120)
fn—l dn

From the definition one can easily derive the a canonical short exact sequence:
0 —— Cu(X) —— cyl(Cu(f)) —— cone(Cy(f)) —— 0 (1.21)
Definition 1.15. A G-CW complex X is a GG-space together with a G-invariant filtration:

=X ,1CXyC--CX,C UXn:X
n>0

with X, obtained from X, _1 by attaching equivariant n-dimensional cells via the following G-pushout:

j JL (1.22)

]—[ieln G/HZ x D™ [ies Qi X,

where {H;}icr is a family of closed subgroups of G and all maps in this pushout are G-equivariant,
where ¢ is a closed embedding. Note X is endowed with the colimit topology with respect to the
filtration above.

Remark 1.5. One may divest the G-setting by noting there is a bijection between equivariant maps
¢:G/H x D™ — X,, and non-equivariant maps ¢' : D" — X via the following assignment:

¢(gH,z) = g- ¢'(x) Ve e X,,9g€ G (1.23)

with X the H-fixed point set. More generally if G is a Lie group, with H C G compact subgroup,
then X inherits a WH-CW complex structure. Note the Weyl group WH of H C G is:

WH:=NH/H={gcG|gHg'=H}/H (1.24)

We say a G-space is proper if for all x,y € X, there are open neighbourhoods U, and U,
respectively such that the closure of {g € G | gU, N U, # 0} is compact in G. The reader can
refer to [tD87, Chapter 1.3] for various equivalent definitions of proper action. In particular, we have
a free G-CW complex is proper. However, not every free G-space is proper since G due to bizarre
topology.



1.4. SURVEY ON G-CW COMPLEXES AND TORSION INVARIANTS

A G-CW complex is finite if it is cocompact, and is of finite type if each n-skeleton is cocompact.
A G-map f : X — Y is a G-homotopy equivalence if f is a homotopy equivalence and the
homotopy itself is a G-equivariant map (note G acts on [0, 1] trivially). In the case when X,Y are
G-CW complexes, this means for any isotropy group of X or Y the induced map f7 : XH# — YH ig
a weak homotopy equivalence, i.e., f, induces a bijection on all homotopy groups (See e.g. [tD87,
Chapter II, Proposition 2.7]). Similar to ordinary homotopy theory we have a equivariant version of
cellular approximation theorem:

Theorem 1.16. [tD87, Chapter II, Theorem 2.1] Let f : X — Y a G-map between G-CW complezes.
then there exists a G-homotopy H : X x [0,1] = Y such that Hy = f and Hy is cellular.

Now suppose G is discrete. The cellular ZG-chain complex C,(X) of a G-CW complex is defined
as in ordinary cellular homology. Note if one has chosen a G-pushout as in Definition 1.15, we then
have chosen a preferred ZG-isomorphism:

(B (@i ) - P ZIG/Hi] — CulX) (1.25)

i€ln i€ln

by sending each (gH;)icr, to the element in C,,(X) representing (Q;, ¢;)(gH;, (D™, S*~1)). If we choose
a different G-pushout, we obtain another isomorphism, which are, up to a sign change, differed by the
composition of an automorphism which permutes the summands:

P eir,, : PziG/H] — P ZIG/Hi| (1.26)
icl, i€, i€l
with g; € G, ¢; € {£1} and Ry, sends gH; to gg;H;.

The above discussion motivates the following discussion. Let f : X — Y a G-homotopy equivalence
of finite G-CW complexes. It then induces a G-equivariant chain homotopy equivalence between
cellular ZG-chain complexes.Now we see the mapping cone cone,(f,) =: Z* is a contractible finite free
ZG-chain complex. Choose a chain contraction 7, : Z, — Z,+1 and denote the Zyqq and Zgyen to be
the direct sum of all the odd and even degree terms of Z, respectively, we then have an isomorphism:

(dZ + ’Y)odd : Zodd — Zeven (1.27)

Choose an equivariant cellular basis of Z,, we can represent (d? +7), as an element in GL(n, ZG) with
n the cardinality of cellular basis. But such an isomorphism is not canonical chosen for the following
reasons:

1. Z should be allowed to add redundant cells without changing the isomorphism, up to a certain
equivalence class;

2. Z do not have a preferred ordering of the cellular basis;

3. 1.26 shows the choice of a cellular ZG-basis is not quite unique, subject to a group action and
a sign change

Hence we want to define an invariant associated to (d 4 7)oqq that resolves the listed problems. To
remedy the first problem, one can consider the isomorphism instead in

GL(ZQG) := colimy,_,oc GL(n, ZG)

with the colimit is taken by embedding GL(n,ZG) into the upper-left block of GL(n + 1, ZG).

To resolve the second problem, we require our invariant to be a simple G-homotopy invariance
(see [Liic06, Chapter 1.4] for definitions and general discussions). Heuristically speaking, this allows
the G-homotopy equivalence to be constituted by a series of elementary expansions and collapses, each
of which take place at individual cells. These actions correspond to elementary matrices in GL(ZG),

10



1.4. SURVEY ON G-CW COMPLEXES AND TORSION INVARIANTS

hence we want to modulo these elements as well. By Whitehead Lemma [Mill6, Lemma 3.1]
the elementary matrices are exactly the derived group of GL(ZG), hence it motivates the following
abelianization of GL(ZG):

Ki(ZG) = GL(ZG)/|GL(ZG),GL(ZG)) (1.28)
Now the last problem gives rise to the following definition:

Definition 1.17. Given f : X — Y a G-homotopy equivalence of finite free G-CW complexes as
above. We define the Whitehead group Wh(G) to be the cokernel of the following map:

G x {£1} = K1(ZG) (g, £1) — [(£9)] (1.29)

where (£g) the class of 1 x 1-matrix. We also define Whitehead torsion 7(f) of f to be an element
in Wh(G) that is the image of the class (d°"*<(C<(/)) 4+ ~) 44 € K;(ZG) under the canonical projection
K1(ZG) — Wh(G).

11



Chapter 2

Analytic and Topological L*-Invariants

In this chapter we will use spectral density function, Borel functional calculus and heat kernel to elicit
a unified approach to various L2-invariants. This approach renders more insight into the Riemannian
structure of the underlying manifold, whereas a careful analysis of spectrum of the Laplace operators
will be conducive. In the second part of this chapter we will have a glimpse of the topological aspects
of L?-invariants, and conclude this chapter by bridging the topological world with their analytic
counterparts.

2.1 Spectral Density Function

We first deal with spectral density function, which is central to the definition of Novikov-Shubin
invariant and analytic definition of L?-torsion.

Definition 2.1. Let f: Dom(f) € U — V be G-equivariant closed densely defined operator between
Hilbert N (G)-modules. For A > 0, define:

L(f,\) :={L C Dom(f) is a Hilbert N'(G)-submodule | Vz € L, || f(z)| < A||=|}
The spectral density function of f is defined to be:

F(f):[0,00) — [0, <] A = sup{dimy ) (L)L € L(f, \)}

The spectral density function of a f captures the dimension of space on which f has operator norm
less than a constant c¢. In the case of compact operators (or more generally of those operators with
only discrete spectrum), this is just the direct sum of eigenspaces with corresponding eigenvalues in
the ball centred at zero of radius ¢: By(c) C C.

The spectral density function can be related to the spectral measure in Definition 1.2 via following
lemma:

Lemma 2.2. Let U and V be Hilbert AN'(G)-modules. Let f : Dom(f) C U — V be a G-equivariant
closed densely defined operator. Then for A € R and x € Dom(f):

>zl it B (@) = 0,2 #0;
1f (@) P
<AL el if By’ (z) ==
where {E{; ! } is the spectral family associated to f* f. Furthermore, the spectral projections E{; T are
G-equivariant and
F(f)(N) = dimy () (Im(E;")) (2.1)

12



2.1. SPECTRAL DENSITY FUNCTION

Proof. To prove the first part, pick € U nonzero such that E{; ! (z) = 0. Since Dom(f) is dense in
U, hence is Dom(f*f) dense in U. Also Dom(f*f) is a core for Dom(f), that is, for any x € Dom( f)
there is a sequence x, € Dom(f*f) such that lim, o z, =  and lim,_,~ f(x,) = f(x). Note the
spectral projections are right-continuous with respect to spectrum, hence we have lim,, 2 E,J:*f (x) =

E/J\;f(x) = 0 and there exists a € > 0 such that:

<E{;_{_e(x)v $> < 7<$7 x>

Recall now 1.2, we have:
Il = [ 0 dtBL @)z

> / w A(ES S (), ) + / 1 A(EL (20), 20)
(A2,\2+¢] (A2+4-€,00)

> M (BLT (an),20) — (BL (@n), 20) + (V2 4 €) - (2, 20) — (BLT (@n), 20))

= (N +6) - [lanll — e (BLT (wn), 20) — A2 (B (20), 20)

Taking the limit n — oo on both sides of the inequality, we have, by the above choice of e:

IF @I = (V2 +€) - l2))* = e (Bl ] (x),2) = N - (B, (2), )

> (N +e) - faf® ~ g Al = 0> Al

Hence we have proved the first part of the lemma. Note the first part directly implies that Im(E{;f ) €
L(f,A), which by taking supremum we have dimy/ ) (Im(Ef\c;f)) < FE(f)(N).

Moreover, the first part also implies E{;f|L = idg for all L € L(f,\). Since L C Im(ng)
and from the additivity of von Neumann dimension with respect to weakly exact sequence of Hilbert
N (G)-modules, we have the dim g (L) < dimy(e (Im(E{Qf)) for L € L(f, ). O

Remark 2.1. As a special case of this lemma, we can easily derive from a similar argument that iff
being a positive operator, then F'(f)(\) = dimpr(q) (Im(E{))

More generally we can define density function F' : [0,00) — [0,00] to be a monotone non-
decreasing and right-continuous function. To each density function one can associate a unique Borel
measure via the following procedure: First define a pre-measure on all the half-open sets as:

p((a,b]) = F(b) — F(a)

then extend it to all Borel sets on the real line via Carathéodory extension theorem (See for instance
[Klel3, Theorem 1.41}), this then defines a Borel measure, which is in fact the spectral measure
associated to the trace function of f, in the sense of Definition 1.12:

Lemma 2.3. For f : Dom(f) C U — V a G-equivariant positive closed densely defined operator
between Hilbert N (G)-modules, we have, for any Borel subset S of R:

u! (8) = ey B () (2:2)

where E7 is the spectral measure associated to f and uf is the measure defined using spectral density
function, as above:

Proof. Since the half-open sets {(—oo, A\] | A € R} forms a base for Borel sets, it suffices to prove the
statement for these sets. Now from Lemma 2.2:

(=00, \]) = F(f)(X) = F(f)(—00) = F(f)(A) = dimy(c(Im EY)

13



2.1. SPECTRAL DENSITY FUNCTION

Now since E{ is a projection, so in particular its image is closed [Conl13, Chapter II, Proposition 3.2],
hence we can choose a basis I = I' U I” of U such that {e; | i« € I'} form a base of ker E{ and
{ej | j € I"} form a base of ImE = (kerEf)l.

Now by considering the canonical isometric linear G-embedding of V < V ® £2(G), we have
flvee = f where f is as defined in Definition 1.12. Now

dimpy(Im E{) = Y " (Bles, ) = > (Eei, &) = trara) (EY) (2.3)
el i€l

O]

An important invariant associated to each density function, which measures its asymptotic be-
haviour when approaching zero:

Definition 2.4. Let F' be a Fredholm density function, i.e., there exists a A > 0 such that F'(\) < co.
We then define its Novikov-Shubin invariant to be «(F'), as follows:

In(A)
oot if otherwise

a(F):=

{hminfm (XN -FO) ¢ 10, o), if YA > 0, F(\) > F(0); 2.4)

Remark 2.2. Note here the use of oo™ is a convention we adopted to make Novikov-Shubin invariant
better fitting into settings such as additivity and also to distinguish the cases in which the density
functions behaves abnormally from those of which that the density function takes a constant value
around zero. For further details, please refer to [Liic13, Notation 2.10].

The reader might observe only the asymptotic behaviour determines the value of Novikov-Shubin
invariant, and this motivates a comparison of density function near 0. Indeed we write F' < G if there
are C' > 0 and € > 0 such that:

VAe 0, FO)<GC-N (2.5)

Moreover, we write F' ~ G if F < G and G =< F. Some immediate consequences are recorded down
here:

Lemma 2.5. If F' and F’ are density functions with F’ be Fredholm. Let f : U — V be a morphism
of N(G)-Hilbert modules. Then:

1. If F < F', then F is Fredholm and b®)(F) < b@)(F’); If further b6 (F) = b (F’), then
a(F) > a(F"). In particular, if b (F) = @) (F") and F ~ F’, we have o(F) = o F");

2. If i : V. — V’ injective with closed image, and p : U — U’ surjective and b2 (p) is finite, then f
is Fredholm if and only if i o f o p is Fredholm, in which case a(io f o p) = a(f);

3. f is an isomorphism, then b()(f) = 0, f is Fredholm, and a(f) = co*;

4. If F, F" are Fredholm, then o(F + F') = min{«a(F), a(F")}.

Proof. 1. follows directly from definition; 2. is a consequence of Inverse Mapping Theorem, which
implies

F(io fop)(A) =~ F(f)(A) — dimy(g)(ker(p)) (2.6)
3. follows from the fact that each isomorphism is bounded from below, hence the spectrum is disjoint
from 0. Then the spectral density function F(f) is constant in a neighbourhood of 0 hence a(f) = co™.
This can be seen by applying Borel functional calculus to f*f.

To prove 4., we may assume without loss of generality that b (F) = b2 (F') = 0. Note a( F+F') <
min{a(F), a(F’)} is direct from the first part. To prove the reverse inequality, It suffices to consider
the case when a(F) < o(F’) and 0 < a(F) < oo. Choose any « > 0 such that «(F) > «. Then we have
for sufficiently small A, we have: F()), F'(\) < KA® for some constant K. Then (F 4 F’)(\) < 2K\¢
which shows a(F + F') > a. O

14



2.2. FUGELEDE-KADISON DETERMINANT

2.2 Fugelede-Kadison determinant

Based on spectral density function we can define an notion of determinant on morphisms of Hilbert
N(G) modules. This will be crucial to our later study of L2-torsion, where one need to distinguish
isomorphisms from each other.

Definition 2.6. Let f : U — V be a morphism of finite dimensional Hilbert N (G)-modules. We call
f is of determinant class if:

/OO In(A\) dF'(A) > —oc0 (2.7)
0

+

Define its (generalized) Fuglede-Kadison determinant by:

exp([for In(A) dF) if [;%In(\) dF > —oc0

. . (2.8)
0 if otherwise

det ar(q)(f) = {

A few properties directly derived from definition and Lemma 2.5 are listed here:

Lemma 2.7. Let f : U — V be a morphism of finite dimensional Hilbert N (G)-modules with
respective spectral density function. Then:

1. If f is invertible, we get det(f) = exp(5 tr(In(f*f)));

2. If f+:ker(f)* — Im(f) the induced weak isomorphism, then det(f) = det(f+).
3. det(f) = det(f*) = \/det(f*f) = \/det(ff*);

Proof. 1. is a direct consequence of definition and Lemma 2.3:
[e.e] « o0
() = [ do(E{ ) =2 [ "m0 ar(s)
0+ 0+
2. and 3. are directly from Lemma 2.5. Note since the determinant exclude point 0. We may then

suffice to consider F(f+) = F(f) — F(0). O

The reader is to observe that the Fuglede-Kadison determinant behaves similarly as conventional
determinant on finite-dimensional matrices.

Lemma 2.8. Let f : U — V and g : V. — W be morphisms of finite-dimensional Hilbert N(G)-
modules such that f has dense image and g is injective. Then:

deg(g o f) = det(g) - det(f)

Meanwhile, given f; : Uy — Vi, fo : Us — Vo and f3 : Uy — V4 be morphisms of finite-dimensional
Hilbert N (G)-modules, such that f; has dense image and fs is injective. Then:

det ({; {2) = det(f1) - det(fy)

Sketch of Proof. Proof of the first assertion can be found in [Liic13, Theorem 3.14]. The basic idea is
as follows: By Polar decomposition and the fact f* and g both are injective, it suffices to establish the
case when f and ¢ are injective positive morphisms. First consider the case when both are invertible,
then by holomorphic functional calculus (c.f. [Liicl3, Lemma 3.18]) to integrate a path between
tr(In(gf2g)) and tr(In(g?)), so as to prove:

tr(In(gf%g)) = 2tr(In(g) + In(f))
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2.3. DEFINITION OF ANALYTIC L?-INVARIANTS

Next consider injective positive morphisms, in which case the operator norms are bounded from below.
Hence there is a gap in the spectrum around 0, now we can choose € and § small enough such that
f—e€-id and g — ¢ - id are both invertible positive morphisms, hence apply the first scenario. Then
approach both € and § to 0, in which we get:

det(gf?g) = det(f)? - det(g)?

and now det(g o f) = /det(gf)? = \/det(gf2g) = \/det(f)2det(g)? = det(f) det(g).
Now the second assertion follows from the first, and the following manipulation:

(6 %) -G a6 D6 )

and the fact that we can write:
1 f3 0 1 0 O 1 01
01 0= [ 0O 1 0],10 10 ]
0 0 1 1 0 01

where [A, B] = ABA™'B~! is the commutator. O

2.3 Definition of Analytic L>-Invariants

Throughout this section we adopt the settings as in /’-Hodge-de Rham Theorem, i.e.,
Let M be a cocompact free proper G-manifold without boundary with G-invariant Rie-
mannian metric. We then define the heat operator e~*** of Laplace operator to be:

et . M x M — Hom(wiAP(TM), m5AP(TM)) (2.9)

a smooth section, with m; : M x M — M the canoncial projection to the i-th factor. Note by functional
calculus we can define, for + € M, an bounded linear operator e *~¢(z) : L2QP(M) — L?QP(M) by:

e (1) (w) = / K,(t, x,y)(w,) dvol, (2.10)
M

where K,(t, x,y) is the heat kernel, which is the smooth Schwartz kernel corresponds to the integral
operator e~*A» (x, y).

Remark 2.3. The reader is to note in general cases of noncompact manifold the heat operator is not
of trace class, i.e., trc(K,(t,z,y)) is not integrable over M, or the heat kernel may not exist (even
as a distribution) a priori. Nonetheless, For our case when M has a properly discontinuous group of
isometries I' acting on M such that the quotient is compact, then the heat kernel K,; of M exists,
and is related to heat kernel Kt of the compact quotient I'\ M, via:

~yel
For more details in this aspect, the readers is advised to consult [Cha84, Chapter VI.4] for the compact

case and [D779] for the noncompact case.

We are now ready to define the analytic L?-Betti number:

Definition 2.9. The analytic p-th L?-Betti number, which we also denote as b](;?)(M ), is defined
by:

bA(M) = lim [ tre(e ¢ (z,z)) dvol (2.12)

p
t—o00 F

where F is a fundamental domain for the G-action, i.e., an open subset F C M such that:
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2.3. DEFINITION OF ANALYTIC L?-INVARIANTS

1. M:UgeGg-j:;
2. g- FNF #(if and only if g = 1;

3. the topological boundary 0F has measure zero.

Hence in our case integrating over F is same as integrating over F, which is actually a compact
manifold (possibly with boundary). Thus there is no ambiguity in the heat kernel not being of trace
class.

Definition 2.10. Given d? : Q¥(M) — L?QP*L(M) and A, : Q¥ (M) — L?QP(M). Denote:

(dy

min

) N Im(d? )t — Im(6712)+

min min

)t Dom(d?

the operator induced by d” . . We then define the analytic p-th spectral density function of M
by:
Fp(M) = F((d)")  Fp(M) = F((Ap)mn)

and define their respective analytic p-th Novikov-Shubin invariant of M by:

ap(M) = a(Fp1 (M) ap'(M) := a(F, (M)

Lastly we define the L?-analytic torsion. This, as an analog of Whitehead torsion, is a secondary
invariant, i.e., it is not a G-homotopy invariant. To prepare for the definitions, We need first an analytic
version of determinant class. Later in Lemma 2.15 we prove this is equivalent to Definition 2.6.

Recall the Laplace transform of a function f : R — R is defined by:

0:(t) = /O T e () da (2.13)

Definition 2.11. M is of analytic determinant class if for each 0 < p < dim(M), there exists a
€ > 0 such that:

/ T (6,(t) — bP (M) dt < oo (2.14)
where ~
Op(t) i= O (1) = / e dFA () (2.15)
0

Remark 2.4. As a direct consequence of Lemma 2.3, we see:

0,(t) = /0 T e () (E2)

oo _ Ap
:trN(G)(/O et dE,™")

*t(Ap)min )

(2.16)
= try(g)(e

:/ tre(e 27 (x, ) dvol
f

where the second equality follows from 1.2 or the general fact that the trace function is ultra-weakly
continuous. So this function indeed is the trace of heat kernel.

Lemma 2.12. For a Fredholm spectral density function F', we have, for all A > 0:
F(\) <0p(t)-e (2.17)

Moreover, 0p(t) < oo for all t > 0 if and only if for all ¢ > 0, there is a constant C(¢) such that
F(\) < O(t) - e~ holds for all A > 0. In this case we have:

Op(t) =t- /Ooo e”A L F(N) dA (2.18)
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2.3. DEFINITION OF ANALYTIC L?-INVARIANTS

Proof. Since e~ is absolutely continuous and F is integrable on [0, K] ', we can then use integration

by parts and monotone convergence theorem for 0 < ¢ < K < oo,

Adding F(0) on both sides, we then have:

K

et P(K) = (1—1) / e F(V) dA < (1— D)6, () (2.19)
0

Hence the first part of the lemma is proved.

Now assume 0x(t) is finite, we have F(\) € O(e*!) for all fixed t. To see the other direction is
true as well, assume F'(\) < C(t/2) - e~2*, and we then have for ¢ > 0, limy_,e0 e - F(X) =0. Now
by tending K — oo in 2.19 and we then see 2.18 readily follows from Monotone convergence theorem.
Moreover,

Op(t) < t- / e C(t)2) - e dX = 2C(¢/2) (2.20)
0
So the other direction is proved as well. O

From this lemma we can conclude the following:

Proposition 2.13. If ozf(M) = oo™, then there exists a € > 0 and a constant C(€) > 0 such that for
all t > 0,
0,(M) < Cle) - e (2.21)

If a5 (M) # oo™, Then:

. —In(0,(t) = bSP (M
aﬁ(M):hmlnf (6, (1) (M))

s In(t) (2.22)

Remark 2.5. Before giving the proof we need to justify that right-hand side of 2.22 indeed gives a
positive number. First observe 6,(¢) is monotone non-increasing with respect to ¢, and by dominated
convergence theorem we have lim;_,o, 6,(t) = F(0) = b](JQ)(M). Hence we see —In(6,(t) — F(0)) and
In(t) always have the same sign for sufficiently large t.

Proof. Taking F = FpA and first consider the case when osz(M ) = oo™. Recall Definition 2.4, this
means there is a gap in the spectrum of A, at zero, i.e., F(A) = F(0) holds for 0 < A < ¢ for some
€>0. For ¢t > 2:

<t- / e 0,(1) - et dX (2.23)

'Note F is not in general integrable, but for our case the von-Neumann dimension of L2-cohomology are finite at each
dimension due to the the manifold being co-compact, whence we may take F' being integrable on every bounded set.
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2.3. DEFINITION OF ANALYTIC L?-INVARIANTS

Note the second inequality follows from the first part of the lemma. Hence 6,,(t) — F(0) < C(e) - e **.
Now if aﬁ(M) # oo™, by possibly replacing F by F(\) — F(0) we may assume F(0) = 0. Then

2.22 amounts to say:
lim inf In F(}) = lim inf M
A0 In(N) t—00 In(t)
We may again assume the left-hand side is great than 0, for the other case is trivially true. Then
consider liminfy g lnl(rﬁg\/;)) > o« > 0. This means we can find a € > 0 such that F'(\) < A* for all
A € (0,€). From the lemma above we yield:

(2.24)

0,(t) < t-/ e A\ dA+t-/ e p(1) - et dA
0

€

t-/ et .\ dA+t0p(t)-/ e(THHA q)
0 €

IN

. e(—t-‘rl)e

IN

t-/ e A dA +6,(1)
0 t—1

= F(O[ "‘ 1) . t_a + ep(l)% . 6(_t+1)€

From the above equality we see the 6,(t) = O(t™) as t — co. Now:
In(0,(t)) = O(In(t™*)) = O(—«In(t)) (2.25)
as t — o0o. Hence we conclude o < liminf;_, W This proves liminfy g % is less than

— (0, (%))
In(t) -

lim inf; o

To prove liminf)y o lrllrf&))‘) > liminf; o0 W, again we suffices to treat the case when the right

hand side is larger than zero. Then we can find a K > 0 such that 6,(¢t) < ¢~ for all t > K. From
first part of the lemma one has for ¢ > max(K, \~1):

FO) <e ™. g,t)<e™ 79 <e- A\

Then we have lim inf; . W > «, and the equality is proved. O

Remark 2.6. A sufficient condition for a manifold to be of analytic determinant class is aﬁ(M ) >0

for all 0 < p < dim(M). This fact follows readily from the proposition. For the case aﬁ(M ) =0T,

we have 6,(t) bounded by e~, and ¢~ ™" is integrable; On the other hand when 0 < a5 (M) < oo™,
we then may assume that there is a ¢ > 0 such that a®(M) > . Now from the second part of
Proposition 2.13 we see there is a K such that for all ¢t > K,

Op(t) — E(0) <t°F (2.26)

Now [t71- (6,(t) — F(0)) dt < [*¢717¢ dt < oo for some € > 0. Hence we have in this case the
manifold is of analytic determinant class as well.

As a final remark we note the analytic determinant class (Definition 2.11) is indeed equivalent to
the determinant class (Definition 2.6), via the following lemma:

Lemma 2.14. For any F' : [0,00) — [0, 00) finite spectral density function, we have:

/ () dF = — / AT (PO — F(0)) dA+ In(a) - (F(a) — F(0)) — In(e) - (F(e) — F(0)) (2.27)

+ €
Moreover, we have: [% In(X) dF > —oo if and only if [* A1 - (F(X) — F(0)) dA < oo, in which case:
lim In(\) - (F(X) — F(0)) = 0;
A—00

/Oa In(\) dF = — /a A (F(\) = F(0) dX + In(a) - (F(a) — F(0))

+ 0
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Proof. The first part comes directly from integration by parts. Assume either fol % - F(X\) d\ < o0 or
f0a+ In(A\) dF > oo, then apply Monotone Convergence Theorem to get:

/a In(\) dF > — /a AL(F(N) = F(0) dA
0

+ 0
To see the other direction, we assume f01+ In(A) dF > —oo. Suppose to the contrary

lim In(A\)(F(A) — F(0)) # 0 (2.28)

A—00

Then we can find C' < 0 with a sequence of 1 > A\; > --- — 0 such that: In(X\;)(F'(\;) — F(0)) < C.
Since F'()\;) — F(0) as i — oo, we may then assume, by possibly passing to a subsequence, that
F(\ia1) — F(0) < 1/2(F(\) — F(0)).

Consequently for any n € N and any A € (0,1), one has In(A) < > In(A;) - x(a,,,4,](A) holds,
then use this inequality to derive f01+ In(F)dF <mn- % Now since C' is arbitrarily chosen, we have
Jop In(F) dF = —oc. 0

Lemma 2.15. Suppose that 0p(t) < oo for all £ > 0. Then:

/ 1 In(\) dF(\) > —00 <= / T (et — F(0)) < oo (2.29)
0 1

+

Proof. Again it suffices to assume without loss of generality that F'(0) = 0. Now 2.18 implies:

/100751 Op(t) dt—/loo (/Oooe”-F(A) d>\> dt

Now by the assumption @ (t) is finite for all ¢+ and Lemma 2.12, we have F(\) < C(1)-¢e* for all \, so
indeed [} ( e F(N) dA) dt < oo, and it suffices to prove the rest part is finite:

00 1 o K 1 .
/1 (/0 e -F(A)d)\) at = Jim_| (/O e -F()\)d)\) dt
K d 1 eft)\
— i R N A
Koeo J; (dt /0 W dA) dt
) 1 e—K)\ 1 e—)\
zKlgnoo(/O —F() d)\)—/o PO ax

le—)\
= — - F()\) d)
/0A N

where the first equality follows from Monotone Convergence Theorem, and the third from Dominated
Convergence Theorem. Now the last term is bounded by:

16_1 16—)\ 11
/-F()\)d)\g/ -F()\)d/\g/ — . F()\) dA
0 A 0 A 0 A

Hence [[“¢™'-0p(t) dt < oo if and only if fol% - F(\) d\ < oco. Now the lemma follows from
Lemma 2.14. 0

We are now prepared to define the analytic L?-torsion of M:
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Definition 2.16. If M is of analytic determinant class, we then define the analytic L?-torsion of
M to be:

Q) =5 - 31 p- (jr(1> / L (b, - () @t

p>0
+/EOO tt (ep(t) - bgz)(M)) dt)

Remark 2.7. One should note ﬁfg st (9p(t) — b,(JQ)(M)) dt’ » is holomorphic on {s € C |

Re(s) > dim(M)/2} and it admits meromorphic extension to C with no poles on 0. This can be
proved by comparing the small T' behaviour of von Neumann trace of heat kernel of M and the
ordinary trace of heat kernel of G\M, and then by appealing to the classical theory of extension of
Zeta function. For the details, refer to [L792, Lemma 3].

s=0
(2.30)

Remark 2.8. It may seems 2.30 depends on the choice of €. But in fact the value is independent of
e. To see so, choose § > ¢ > 0, and abbreviate 6 (t) = ,(t) — ;,2)(M):

d 1 [° d s J

— tTlet@)ydt| =——"— | 7o) &t

ds I’(s)/6 b (1) 5=0 dsI’(s—l—l)/6 p () 5=0
d 1

+0
s=0

s
. s—1 plL
s=0 I'(s+1) /6 t bp (1) dt

1)
—1 1
:/E 10k (1) dt

since I'(1) = 0! = 1.

2.4 Topological L?-Invariants: A Concise Introduction

For the integrity of discussion of the upcoming session we will briefly discuss the topological notions
here, whichever we deem as indispensable. Many interesting properties and ramifications of the
topological aspects of L?-invariants are omitted here. For an encyclopedic view the reader is referred
to [Liic13].

We begin with the general discussion of what a L2-(co)homology is. Throughout this section X
will be a G-CW complex of finite type, unless otherwise stated.

Definition 2.17. Define the cellular L?-chain complex and the cellular L?-cochain complex
of a free G-CW complex X to be:

CP(X) = (G) @26 Cu(X)
Cly)(X) := Homza(CW(X), (@)

where C,(X) is the cellular ZG-chain complex, with dzk and dg) are the map induced by differential

2)
and the L2-(co)chain level.

Now since X is of finite type, we can then fix a finite G-equivariant cellular basis for C,,(X), from
which we obtain explicit G-isometric isomorphisms:

n

k
CP(X) = Oy (X) =2 P A(G) = CF e 4(G) (2.31)
=1
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which indeed gives a structure of finitely generated Hilbert AN(G)-module structure on both L2-

co)chain complexes. One can also readily check d?,, and d? are G-equivariant.
@) p

To see dj,) and d? indeed give morphisms between Hilbert A (G)-modules it suffices to verify the

boundedness. First note @%_, /2(G) = C" ® (2(G) is furnished with the tensor product norm. This is
resolved more generally by the following lemma:

Lemma 2.18. Let ¢ : (CG)" — (CG)™ be a morphism of CG-modules. Then the induced operator:
6= ¢ @cq (G) : (P(G)" — (@)™

is a bounded operator.

Proof. Write ¢ as a m x n-matrix [¢;;] with ¢;; = deG cij(g)g, where ¢;;j(g) € C. Consider the ¢!-

norm of ¢ in the sense of Remark 1.1, 1.e.: [[¢ijllp = 3_, e leij(9)] and then for (fi,--- fy) € (2a))r,
by Cauchy-Schwarz inequality, we have:

16Cf 1 FadlZ = DI fidisllze < D liillz fille < O NbigllZl (s s £
;o i i

Hence gg is a bounded operator. O

Remark 2.9. Analogous to Remark 1.1 we can also identify c? (X) with the Hilbert space of

summable chains:
{>_ flo)a| flo) €C, Y |f(o)] < o0} (2:32)

O'EIn O'GIn

where {o}ser, form an orthonormal basis with I, the set of n-cell of X. Similarly, we can take:

Cly(X) = {6 Ci(X) = C| Y |o(o)]* < o0} (2:33)

O'EITL

From this we see Cf (X) = Homcont(C’,(lz) (X),C). Now from the Hilbert space structure of C7(L2)(X )
and Riesz representation theorem [Conl3, Chapter I, Theorem 3.4, we have the duality:

A:CPX) = Cly(X)  hs (h,—) (2.34)

where (—,—) is the inner product of c? (X). Hence we see d§,2) is the dual map of dl(jggl in the
topological sense. In fact, they are also adjoint of each others as bounded operators, if we identify
C’f)( X) with 0(2)( ) using the isomorphism A: Given z € CISQ), y € C( )1, we have:

A(dP) W) (@) = (dP) " (y), 2) = {y, (@) (2)) = A)(d) (@) = (dfy, (A(y))(x) (2.35)

where d* is the adjoint operator of d. Hence from now onwards when speaking of Hilbert chain
complexes we do not differ the dual of differential map from its adjoint.

When passing from L?-cochain complex to homology, one should caution that the image of a
bounded linear operator between Hilbert spaces may not be a closed subspace, thus when passing to
homology, as did in singular chain complex the Hilbert space may be sacrificed. To remedy this, we
define the quotient by the closure of its image:

Definition 2.19. Given X a free G-CW complex of finite type. Define its (reduced) p-th L2-
(co)homology to be:

HP (X;N(G)) = ker(d?) : €2 — 02 /tm(d?), - ) — )

+1 1 1
: Clyy = Clyy )/Im(dy) = Oy = Cy)

(2.36)
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Moreover, we define the p-th Laplace operator associated to the space X to be:

A d(2)

2 (@) + (dP)d® . 0P - P (2.37)

p p

with d* the adjoint of d as before.

One ought to expect from Remark 2.9 that the L?-homology should be G-isometrically isomorphic
to the L?-cohomology in a canonical sense. It become clearer by the following lemma:

Lemma 2.20. The L?-chain complex admits an orthogonal decomposition of Hilbert N (G)-modules:

C(X) = ker(A,) ® Im(d),) & Im((dy)*) (2.38)
with the natural map:
ker(d?)) Nker((d\)))*) = ker(A,) — HP (X;N(G)) (2.39)

is an isometric G-isomorphism.

Proof. First note HISQ) (X) is isometrically G-isomorphic to ker(d( )) N Im (d( ) )+ and ker(d;(f))L =

p+1
Im((d5”)*) and Im(d(),)* = ker((d'),

C®)(X). It remains to show the first equality. This follows directly from the following equality:

(Ap(v),0) = [dP ()2 + ()" (v)]|?

)*), whence they constitute an orthogonal decomposition of

O]

Now the duality A, in Remark 2.9 gives the desired isomorphism between H ©) (X) and a? (X)

since the p-th Laplace operator in L?-cochain complex is the same with that in L?-chain complex. So
we are entitled to define p-th Betti number of X without specifying the cohomology or homology:

Definition 2 21 Let X be a free G-CW complex of finite type. Define its topological L?>-Betti
number as b (X N(@)) := dimN(G)(C,EZ) (X)).

We now set off to define the topological version of Novikov-Shubin invariants from Definition 2.1
and Definition 2.4:

Definition 2.22. Let X be a free G-CW complex of finite type. Define its topological p-th spectral
density function of d, and of A, respectively as:

Fp(X) = Fp(CF (X)) 1= F(dyly o0 1 (@) = Coa)  FROO=F(A,)  (240)

Respectively we define the p-th Novikov-Shubin invariant of X to be:

ap(X) = a(Fp(X))  a2(X) = a(Ay) (2.41)

Remark 2.10. Note for general Hilbert chain complex the Novikov-Shubin invariant can be defined in
the same fashion, but one requires every differential map to be Fredholm in the sense of Definition 2.4.

. . 2 . . . .
However, since in our case every C’I(, )(X ) have finite von-Neumann dimension, we omit the part on
Fredholmness.

Lastly we define the topological L?-torsion. This has imposed with a stronger restriction to the
space than L2-Betti numbers and Novikov-Shubin invariant, that is, we require the G-CW complex
further to be finite, i.e., X is of finite type and 01(32) (X) =0 for all p > N for some positive integer
N. Moreover, we requires X to be of det-L?-acyclic, in the following sense:
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Definition 2.23. A finite G-CW complex is said to be det-L?-acyclic if each of its differential map
d,(?) is of determinant class, and the L?-chain complex is weakly acyclic, i.e., H;(X ) vanishes for all p.

Definition 2.24. If X is a det-L?-acyclic finite free G-CW complex , we define its cellular L?-torsion
to be:

PP (X) == (~1)7 - In(det(d})) (2.42)
PEZL

We will end this section by citing a few theorems with regard to Hilbert A/(G)-chain complexes.
These shall be of use in our later discussion. Due to limit in volume we omit some of the proofs here,
all of which could be retrieved from [Liic13, Chapter I & IIJ.

First Recall a Hilbert N/ (G)-chain complex is Fredholm if all its differentials are Fredholm in the
sense of Definition 2.4. We say a sequence C, of Hilbert spaces is weakly exact if ker(d, : C, —
Cp—1) = Im(dp+1 : Cp1 — Cp).

Theorem 2.25. If the following is an exact sequence of Fredholm Hilbert N'(G)-chain complexes:

0 c.—» D, "5 E, 0
Then it induces a weakly exact long homology sequence:

(2)

H7l+l(p*) 8n
e —

(2) (;

(2)
() 2 a0 B B () T

H
Proof. See [Liic13, Theorem 1.21]. The proof resembles that of ordinary long homology exact sequence,
except that in order to prove the weak-exactness, we prove certain space V' vanishes using the injectivity
of dimension function (c.f. Remark 1.4). To prove that we use the ‘outer regularity’ of dimension
function and construct a sequence of spaces which upper-bounds V and converge to 0 via spectral
projections. O

Next we prove that the Novikov-Shubin invariant as an invariance of chain homotopy equivalence:

Proposition 2.26. If f : C. — D, is a chain homotopy equivalence of Hilbert N'(G)-chain complezes,
the for all p € Z we have:
F(C.) = Fy(D.)

In particular Cy is Fredholm if and only if D, is Fredholm. In this case,
ap(Cy) = ap(Dx)

Proof. First recall Remark 1.2 that every exact sequence of Hilbert N'(G)-module splits. We want to
extend it to the direct sum to a chain level:

Given a short exact sequence of chain complexes of Hilbert N(G)-modules:

0 c, 5 p, =5 B, 0 (2.44)

with E, contractible. Then choose a chain contraction e, for EF, and for each p a morphism ¢, : Ej, —
D,, such that g, ot, =idg,, we put:

Sp=dpr10tlpr10€ +tpoe 106

and this s, defines a left split, i.e., gx 0 s, = id¢,. Hence j. @ s, gives the desired chain isomorphism.
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Apply this construction to the following short exact sequences:

0 s O, » eyl (fs) —— cone,(fs) —— 0

0 D, » eyl (fx) —— cone,(Cy) —— 0

and we see C @ cone,(f«) is chain isomorphic to D, @ cone,(C\).

Now we claim Fj,(Cy) ~ F,(Dy) for all p. To see this, we note for general contractible E* with
chain contraction e, first note e, and ¢, induces invertible morphisms between Im(e,+1)" and E,_1.
Hence we see a,(E,) = oo™ and Now we have:

F,(Cy) 4+ Fp(coney(fi)) = Fp(Cy @ coney(fi)) = Fp(Dy @ cone,(Cy)) = Fp(Dy) + Fp(cone,(Cy))

with the second component of both sides remain constant in a neighbourhood of 0 by the general
discussion above. Hence we have F),(C,) ~ F,(D,) and the second statement follows from Lemma 2.5.
O]

The case of L2-torsion of a chain complex is more subtle, and since it is not weak homotopy
invariance, as was the other two. Indeed the difference is detected by the L?-torsion of map between
L?-cohomology, as revealed by the following theorem:

Theorem 2.27. Let C, and D, be dim-finite Hilbert N (G)-chain complexes of determinant class and

fe 1 Cx = Dy be a weak homotopy equivalence. Then fi is of determinant class if and only if HISQ)(f*)
is of determinant class for all p € Z, and:

) (cone. (£.)) = p®(Ds) — pP(CL) + 3 (1P - In(det(HD (£.))) (2.45)
PEL

Proof. See [Liic13, Theorem 3.35(5)] for related statements and [Liic13, Section 3.3.3] for a proof. [

Remark 2.11. The reader can easily observe that when we replace weak homology equivalence by
homology equivalence, then the assumption in f, being of determinant class can be dropped. This
is because H](;Z)( f+) is then isomorphisms between Hilbert spaces and is hence bounded from below.
Hence by a common argument we see the spectrum is disjoint from 0, and is hence of determinant

class.

We also show here the L2-torsion of a contractible space is independent of the choice of contraction
one choose:

Lemma 2.28. Let C, be a contractible dim-finite Hilbert N (G)-chain complex of determinant class.
Let -y, and 6, be two chain contractions. Then the maps (¢+7)odd and (¢+7)even are weak isomorphisms
of determinant class with:

In(det((c+7)oda)) = — In(det((c + Oeven))  pP(CL) = In(det(c + 7)oda) (2.46)

Proof. First note by the fact that v, is a contraction, we have: (¢+ 7)even © (¢ +7)odd = Ceven © Codd +
Ceven © Yodd + Yeven © Codd + Yeven © Yodd = 0 + idc, 4, +(7?)odd- Which takes the following form:

o T

: Codd — Codd

2
—_ O O -

o
LR
[\
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is hence an isomorphism. Consequently ¢ + = is isomorphism for both even and odd part. Moreover,
by Lemma 2.8 we note all three maps are of determinant class. Next setting ©, = idg, +( 0 ¥)«,
observe the following composition:

(C+5)even
_—

(c+7)odd o
C(odd C'even ” Ceven Co dd

being a lower triangular matrix with diagonal being identity. Hence we have from Lemma 2.8 the first
equality.

To prove the second equality. We first make the observation that when C, is contractible, then
A, is invertible for all p. To see this, first note since HIEZ)(C'*) vanishes, we have by Lemma 2.20
that ker(A,) = 0 for all p. In particular, A, is injective for all p. Hence the chain contraction shows
Im(dp4+1) = ker(d,) which is a closed subspace, hence d, has closed image for all p. Together this
implies A, is invertible, in particular, it is of determinant class in our case.

Next we need to modify p(2) in the forms of A,. We claim the following identity:

1

p2(CL) = — pez;—np p- In(det(A,)) (247)

To prove the claim, first note with respect to the orthogonal decomposition we can write
Lyk L L 1L
Ap =0& ((¢)7cy) @ (1) epra)
Now by Lemma 2.8, we have:

det(A,) = det(0) - det((c]f)*clf) . det(((cj;ﬂ)*c;;rl)) = det(cp)? - det(cpp1)?

Now the claim readily follows by the applying In to each component.

Lastly we note for all k € Z, A’; O Cp1 = Cpy1© A’;H, and A’; o (A;l ocy) = (A;l ocpy)o A’;fl.
To take degree into consideration, and denote @p odd (Ap)P and @p oven (Ap)? to be Aggqq and Agven
respectively, and:

Aodd o (C + A_l o C*)even = (C* + A_l o C)even o Aeven = ((C + A_l o C*)odd)* o Aeven

So now via 2.17 we write 2 - p®(C,) = > oda (det(AD)) — 3= cven In(det(AD)) = In(det(Aoga)) —
In(det(Aeven)), then use the equality above, the first formula of this lemma, and Lemma 2.8 one yield:
In(det((c + A7 0 ¢*)oqq)) = — In(det((c + A1 0 ")even))
= —In(det(Apgq)) — In(det((c + Ao " even)) + In(det(Apaq))
(c4+ A7 o) oaq))) — In(det(Acyen)) + In(det(Aoaq))
¢+ A7 o cM)oaa)) + 202 (CL)

Hence we have the desired formula. O

Remark 2.12. Note Lemma 2.28 can be extended to more general cases of weak-acyclic dim-finite
Hilbert N (G)-modules. In such case one need to replace chain contractions by weak chain contraction,
while the general idea can be carried forth with a bit extra work. For details, see [Liic13, Section 3.3.2].

2.5 Equivalence between Topological and Analytic L?>-Invariants
This section is offered as a gargantuan black-box in which we quote all relative theorems that bridge the

analytic L2-invariants with their topological counterparts. Before stating these theorems, we still need
to transfer the above settings to the case when M = X being a cocompact free proper G-manifold
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without boundary and with G-invariant Riemannian metric. This entails an equivariant smooth
triangulation, hence the L% invariants may depend on the choice of triangulation and may subject to
the perturbation of G-homotopy. Fortunately L2-Betti numbers and Novikov-Shubin invariants are
G-homotopy invariances (In fact they are even invariants of weak homotopy equivalences):

Theorem 2.29 (Weak Homotopy Invariance). Let f : X — Y be a G-equivariant map of free G-
CW complexes of finite type. If the map induced on homology with complex coefficients f, : Hy(X;C) —
H,(Y;C) is bijective p < d — 1, then for p < d:

F(X) = FB(Y)  ap(X) = aplY) (2.48)
Moreover, if f, is surjective for p = d, then:
vp<d, X)) =b2v); b (X) >8P (Y) (2.49)
In particular, if f is a weak homotopy equivalence, then for all p > 0:

BX) =b7(Y)  F(X)=F(Y)  ap(X) = ap(Y) (2.50)

Proof. First note we may assume f to be cellular by Theorem 1.16. Recall the exact sequence 1.21,
which we denote Cy(X), cyl,(C«(f;C)) and cone,(Cy(f;C)) as Cy, D, E, respectively.

To prove the statement regarding Betti numbers, we see first E, is free (whence projective) CG-
chain complex and the homology with complex coefficients H,(F,;C) vanishes for p < d, it is CG-chain
homotopy equivalent to a free CG-chain complex of finite type E; with E}, is trivial for p < d (See
[Bro12, Chapter I, Corollary 7.7] for proof). Consequently by tensoring with ¢2(G), we have the Eg)
is chain homotopy equivalent to a Hilbert N (G)-chain complex EL(Q) with H1§2) (EL(Q)) =0 for all p < d.
Now the part regarding Betti number follows from Theorem 2.25.

Next we prove the part regarding Novikov-Shubin invariants. Note the canonical inclusion Ci(Y) —
eyl (Ci(f;C)) is a CG-chain homotopy equivalence, and hence induces a chain homotopy equivalence

of Hilbert N (G)-chain complexes of finite type c? (Y) — ?(G) ®cg Ds«. Hence in view of Proposi-
tion 2.26 it suffices to establish the following equivalence:

Fyp(? @cq Cu) = Fy((G) @ce D) Vp<d

where p < d-cases are straight forward. So it suffices to build the case with p = d. Since H,(E,) =0
for p < d — 1, we may consider the following truncated CG-exact sequence:

0 >P—-E;—>FE;1—--—FEy—0

with P := ker(eq : By — FEg4_1). Since each E; are finitely generated free CG-module, we claim
P is a direct summand in E,;, and we may find finitely generated free CG-module F, F’ such that
F=PgF'’

Now denote d[W].to be the CG-chain complex concentrated in dimension d with W. By truncating
everything in dimension great or equal to d+1, we yield a commutative diagram of CG-chain complexes
with exact rows:

; *@d 4
0 C. — " s DoadF, M B dF), —— 0

H ] e (2.51)

0 C. : D' - d[F], ——— 0

2To see the claim is true, first note P is a projective CG-module. Next by an easy induction from right, we see one
can indeed make both F and F’ finitely generated free.
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where the vertical maps are inclusions, and D/, is the submodule of D, ®d[F’], that makes the diagram
commutes. Now since id¢, and k, are CG-homotopy equivalences, so is j. a CG-homotopy equivalence
as well. Hence for p < d, we have:

Fy(2(G) ®ca Dy) = Fp(6%(G) @cg (Dv @ d[F'],)) = Fy(%(G) @ca Dy)

Hence C, @ d[F]. = D,. Next we need to identify two chain complexes via a CG-chain isomorphism
g« and a CG-map v : F' — C4_1 such that the following diagram commutes with vertical maps are
CG-module isomorphisms:

(&) Cq— Cd—
C,aF _ GaPu Cy1 _ td-t Cys N

9ga i i, (2.52)
d’ d’

d
/ d / d—1 / d—2

DN — <% s D — s D R e

d d—1 d—2

that is, g, = z';, for p < d. Now cq_1 ou = 0 by the exactness of upper chain complex, so by the
projectivity of F', we can solve the extension problem by a CG-map v : F' — Cy such that the follow

diagram commutes:
U lU\ (2.53)
L

Cy T Ca-1 B Ca—2
passing to Hilbert A/(G)-modules, we have the following map:

(idcd @v)@) () 0(2)

(CpeF)® 2 5 0P o) (2.54)
(Cd@u)@)

Now from 2.6 we have:
F((cg®u)®) =~ F(c? o (ide, Bv)@) ~ F ()

so the statement regarding spectral density function is proved. Now the invariance of Novikov-Shubin
invariant follows readily from Lemma 2.5. O

Lastly we want to investigate the L2-torsion, which we have forewarned is not a G-homotopy invari-
ance. Instead it will produce a residual constant in R from Whitehead torsion (c.f. Definition 1.17):

Definition 2.30. Given any discrete group G, we define the following map:
d%: Wh(G) = R

by sending an element A € My(ZG) to [;¥ In(A) dF(R4) with Ry : (*(G)" — (*(G)" the right
multiplication by A. Note this map is well-defined on Wh(G) by the properties of Kadison-Fuglede
determinant listed in Lemma 2.7 and Lemma 2.8.

Theorem 2.31. Let f : X — Y be a G-homotopy equivalence of finite free G-CW complexes. Suppose
X orY is det-L*-acyclic, then so is the other, and:

pAY) = pP(X) = 2% (r(f)) (2.55)

where T(f) is Whitehead torsion we defined in Definition 1.17
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Proof. The det-L?-acyclicity is a direct consequence of Theorem 2.27. Now use the formula in Theo-
rem 2.27, we note:

p@ (cone.(f.)) = PP (CP (V) = pP(CP (X)) + D (~1)P - In(det(HP(£.)))

PEL

where left hand side is by Lemma 2.28 is In(det(c + 7)oqq) for some chain contraction 7,. Now by
choose the representation of 7(f) € Wh(G) to be (c+7)odd again, we see the proof completes once we

show that 3 7 (—1)PIn(det H;(,Q)( f+)) = 0, but this follows from the weak-acyclicity of C or D,. O

Now we are entitled to define all topological L?-invariants on manifolds.

Definition 2.32. An G-equivariant smooth triangulation K of M consists of a simplicial complex
K with simplicial G-action such that for each open simplex o and g € G with goNo # 0, then g induces
identity on 0. Take |K| as the geometric realization, then there is a G-homeomorphism f : |K| — M.
We then define the topological L?-Betti number and Novikov-Shubin invariant of a cocompact
free proper G-manifold M to be that of any of its equivariant triangulation.

Now The core of relating L2-integrable harmonic smooth p-forms 1.18 with the topological L?-
cohomology is the following L2-version of Hodge-de Rham Theorem, due to Dodziuk [Dod77]:

Theorem 2.33 (L?-Hodge-de Rham Theorem). Let M be a cocompact free proper G-manifold
with G-invariant Riemannian metric and let K be an equivariant smooth triangulation of M. Suppose

that M has no boundary. Then the integration defines an isomorphism of finitely generated Hilbert
N (G)-modules:

HP (M) —» HP

@) (2)(K)

As a immediate corollary we see the cellular L?-Betti number in Definition 2.21 equals to the
analytic L?-Betti number in Definition 2.9 via the following simple computation:

dimy(a) (H{y) (M) = dimp(c) (ker((Ap)min)) = F((Ap)min) (0) = lim 6,(M)(t)

where the last equality is direct from Remark 2.4 and Dominated Convergence Theorem.

Next with regard to the Novikov-Shubin invariants, we have the following result due to Efremov
[Efro1]:

Theorem 2.34. Let M be a cocompact free proper G-manifold with G-invariant Riemannian metric
and let K be an equivariant smooth triangulation of M. Suppose that M has no boundary. Then
for the cellular spectral density function F,(K) in Definition 2.22 and the analytic spectral density
function F,(M) in Definition 2.10, we have for each dimension p,

Fp(K) = Fy(M)
Consequently, we have oy,(M) = o,y (K).

Lastly we define the topological L2-torsion. First note in [I1100, Theorem III] Illman shows that
for general Lie group G, each cocompact free proper G-manifold M has a unique simple G-homotopy
type, that is for any two equivariant smooth triangulation f : K — M and ¢g : L — M, we have the
Whitehead torsion of g~ o f : K — L to be a simple G-homotopy equivalence. Hence in the light of
Theorem 2.31 the L2-torsion is well-defined, once we have chosen a smooth triangulation.

Nonetheless in the assumption of Theorem 2.31 one requires the weak-acyclicity of the simplicial
complex, which is a rather strong assumption for manifolds. Nonetheless if one examine the proof
of Theorem 2.33, there is an isomorphism A% : ’HZ(’?)(M) — Hé)(K) (see [Liic13, Lemma 1.76ff]
for definition), and if we take this into consideration and use Theorem 2.27, one might remove this
assumption:
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Definition 2.35. Let M be a cocompact free proper G-manifold without boundary and with a G-
invariant Riemannian metric. Let f : K — M be an equivariant smooth triangulation. We define M
is of determinant class if any of the equivariant smooth triangulation (hence all) is of determinant

class. Hence p? := p(Q)(Cg)(K)) is defined. Let A% : ’Hi?z)(M) — Hé)(K) be the L?-Hodge de

Rham isomorphism, we then define topological L?-torsion of M to be:

Pl (M) = pP(K) — > (=1 In (det (A% = Hy (M) — Hp, (K)))

p=>0

Next we want to check the definition is independent of choice of equivariant smooth triangulations.
Choose f: K — M and g : L — M to be two such triangulations, we have A% o Hp ( of)=

Now by Lemma 2.8, we have In(det(A%,)) = In(det(A7)) +1n <det(Hp (g7to f))), and consequently

by Theorem 2.27 and the fact g~ o f is a simple G-homotopy equivalence, one has:

P (L)~ p?(K) = = 3 (-1 - In (det(H;2> (970 f)))

p=0

Next observe from the discussion after Remark 1.1 that the map between finitely generated Hilbert
cochain complexes can be identified with that adjoint between their respective Hilbert chain complexes.

Hence we have In <det(Hp (g7to f))) (det( ( 1o f))> Summing up all this results, we

have:

pE) = ) = 31 nfaer(47)) - tn(er(4)) )

p=>0

Hence we have proved the topological L?-torsion defined above is well-defined. Note p(QL(M ) is

to

dependent on the choice of Riemannian metric, as captured by the Hilbert N'(G)-structure of HI()Q) (M).

Lastly the analytic L?-torsion and the topological L2-torsion agrees by the following deep result
due to Burghelea, Friedlander, Kappeler and McDonald [BKMF96]:

Theorem 2.36. Let M be a cocompact free proper G-manifold without boundary and with a G-
invariant Riemannian metric. Then M is of analytic determinant class in the sense of Definition 2.11
if and only if it is of determinant class in the sense of Definition 2.35. In such case, the analytic L*-
torsion pé(m)(M) as defined in Equation (2.30) is the same as the topological L?-torsion ,0( )(M) as

top
defined in Definition 2.55.

Having established the topological L?-invariants of manifolds, we conclude this section with some
immediate consequences:

Theorem 2.37 (Poincaré Duality). Let M be a cocompact free proper G-manifold without boundary
of dimension n which is orientable. Then:

b (M) = b2 (M) Fyp(M) = Foy1—p(M)  ap(M) = ags1—p(M) (2.56)

n—p
Furthermore if n is even, then p) (M) = 0.

Proof. First note there is a subgroup Gy of G (of index 1 or 2) which acts orientation preserving on
M. By applying the restriction functor, we have bg,Z)(M;/\/'(GO)) =[G : Go]b@ (M;N(G)). So we

can assume without loss of generality that G\M is orientable. Now [WR99, Theorem 2.1] gives the
Poincaré Z(G-chain homotopy equivalence:

~ [G\M] : C"*(M) — C..(M) (2.57)
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which, after applying ®z¢¢%(G), induces a homotopy equivalence of finitely generated Hilbert A (G)-
chain complexes C&;*(M ) = C®(M). Now the claim of L Betti number follows from Theorem 2.29
and the remark prior to Definition 2.21. The statement of Novikov-Shubin invariants now follow suit
again by Theorem 2.29 and F,(Cy) = F,((Cy)*).

To preserve the statement of L2-torsion,first choose a smooth triangulation f : K — M, and
let [G\K] := ((G\f™ 1)« : H,(G\M) — H,(G\K))(|[G\M]). Now [WR99, Theorem 2.1] also asserts
7(—~ [G\K]) = 0 with respect the cellular basis. In particular, together with the isomorphism A we
construct in Remark 2.9 it induces an homotopy equivalence fo finite Hilbert N (G)-chain complexes:

g 1 12(G) @76 C"*(K) — CP(K)
with p(® (cone,(g.)) = 0. Now by Theorem 2.27 we see:

PP (P(G) @26 C"H(K)) = pP(CP) (K)) (2.58)

Now apply the error term — 3 ~(=1)?-In | det (A% : HfQ)(M) — HfQ)(K)) in Definition 2.35 to

both sides, further note det(f) = det(f*) and a shift in degree when dualizing the chain complex, we
have: p) (M) = (=1)"*1p3)(M). In particular, when n is even, the L?-torsion vanishes and we have
finished the proof. O

2.6 Proof of L>-Hodge de Rham Theorem

In this section we shall prove Theorem 2.33 and Theorem 2.34 in an unified approach. Proof of
Theorem 2.36 will require more technical tools and is way more complicated, for which reason we shall
omit here. We shall follow the notation of previous section.

The proof of L’-Hodge-de Rham Theorem will process very much like the compact case. The
general steps is as follows. First we begin with constructing appropriate L?-chain complexes on which
the differential maps are bounded operators. Between this chain complex and C’(*z)(K ) one then
construct inverse maps which induces bijective map on L?-cohomology. The later step takes some
step as our construction is not global as the compact case. We begin ourselves by understanding
harmonic p-forms as L?-cohomology.

First recall the Sobolev k-norm of p-forms,
lolls == 111+ 2p)*%wl| 12 = (w, (1 4+ Ap)*w) 2 (2.59)

Consequently, we can define the k-th Sobolev spaces of p-forms on M as the completion of O (M)
with respect to ||-||. Now we see moreover it is by Lemma 1.7 an elliptic operator which admits unique
closed extension, whence we could identify it with the following space:

HEQP(M) = {w e L2QP(M) | (1 + A,)"%w e L2QP(M)}

where (1 4 A,)*/2 is defined using functional calculus and (1 + A,)Fw is defined in the sense of
distribution. Note the G-action on M gives an N(G)-structure on L2QP(M). To see this, one choose
a fundamental domain F C M of G, which gives the following isomorphism:

L2QP(M) = 12(G) ® L*QP(F) = (2(G) ® L*QP(G\M) (2.60)

where G acts on £?(G) via left-regular representation, and on L2QP(M) trivially. Consequently, we have
a Hilbert NV(G)-module structure on L?QP(M), and since G-action commutes with (1+A,)*, we deduce
H*QP(M) are Hilbert N'(G)-modules for all k,p > 0. Now since dP is a linear differential operator of
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order 1 and hence can be extended to a bounded linear operator d? : H*1QP(M) — H*QPTL(M) for
all k,p > 0. Consequently, we have the following Hilbert N (G)-cochain complex:

s HIQOM) — s gt () L I gl (M) —— 0 —— - (2.61)

Moreover, since A, vanish on H?,, (M), we have canonical inclusion ¢ : Hz(’Q)(M ) < H'=PQ(M) for all
[ > p. The following lemma identified it with the cohomology:

Lemma 2.38. Let | > dim(M). Then ¢ is a G-equivariant isometric embedding and induces a
G-equivariant isometric isomorphism:

Hy(M) — Hy, (H!=*Q*(M); dP) (2.62)

Proof. Let w € HZ(JQ)(M). One observe |jw||; = |lw|lo < oo for all & > 0. Hence dw, dw, déw, ddw €

L?(M). Also since M is complete Riemannian manifold, we can apply L?-Stokes theorem:
(w,0) 12 = {(1+ Ao,y = [eolZa + el Z2 + |67l 2 (2.63)
forcing dw = dw = 0. Next let n € H'=PT1QP~1(M), one has:
(oo, AP )1 = (w0, (1 + D) Pd P 12 = (P, (1+ Apot)Pi)g2 = 0
Hence H}(DQ)(M) 1 Im(dP~!) and we have proved H5(M) C Hé) (H'=*Q*(M); dP)

To prove the other side, let u € ker(dP). Then u = w+n € HI()Q)(M) ® (HfQ)(M))Lkerdp C

H'=PQ(M). Now for any v € Hl()z)(M) we get:

l—p l—p
2

(L4 D) T vy e = (L4 Ap) T (L4 Ap) T w2 = (,0)1- = 0
Recall the decomposition in Lemma 2.20. We see (1+Ap)177p77 € Tm dP~1. But now observe (1+A,)*/2
defines an G-equivariant isometric isomorphism H'QP(M) = H!=*QP(M).This can be observed by
applying functional calculus to its (unique) self-adjoint extension. Consequently, since dp_lAp =
A,dP~!, we have from Spectral Theorem that dP~' commutes with (1 + A,)®~9/2 as well. Hence
n € Im(dP~1) and the other side is proved. O

On the other hand if we fix an equivariant smooth triangulation K of M. Throughout the discussion
we shall not distinguish the simplex o with its geometric realization |o|. We have a cocompact G-CW
complex. recall in Remark 2.9 we have identified C’(*Q)(K) with £2C*(K). Choose w € HFQP(M), we
see w € C'1(M) by Sobolev embedding theorem. Hence we can integrate w over any oriented p-simplex
of K, whence obtaining an element in /2CP(K). Hence we can choose a large enough [ > 0, and define
the following map via integration:

A" HITHQH (M) — Oy (K) (2.64)

Next we define the right inverse of A* as follows. Let {Us },cg,(k) be the open covering given by open
stars of O-simplices. Note g-U, = Ugs. Next choose a G-invariant partition of unity {es} subordinate
to Uy, that is e, € C*°(M, [0, 1]) such that ego 0 Lg = €5, and 3,5 (k) €0 = 1.

Now given a p-simplex 7 with vertices o9, -, 0,. For the associated characteristic function x., we
define a p-form with support in the star of 7 by:

P
Wi(xr) :=p! Z(—l)’egidoego A A doegoi,l A dOeUOiH A A doegp
i=0
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By default we define W(e,) = e,. This now gives an cochain map of Hilbert A/(G)-cochain complexes
|77 C(*z) (K) — H'"=*Q*(M). The reader is readily to check A* o W* = id, and both maps does not

depend on the choice of orientations of the simplices. In particular, we see at L?-cohomology level,
1—
Ho) (A7)« Higy(H™ Q5 (M) — H 5 (Cy)(K))

is surjective.

In order to prove H (*2)(‘4*) is injective, we cannot construct a homotopy between W* o A* and id

as we did in the compact case, since the construction on the quotients is not local, whence can not
be lifted to K and M directly. To remedy this we define a new W*, which we replace the smooth
partition of unity e, by the barycentric coordinate function e,, we see the barycentric coordinate
function e,’s are only non-smooth on the dim(M) — 1-skeleta. Hence the p-forms are defined in the
sense of distributions. We claim it is a continuous map and image are square integrable p-forms:

Lemma 2.39. Given an equivariant smooth triangulation K, the map

W+ Chy (K) — L*QP(M)

is a bounded from below.

Proof. We first prove the map is well-defined i.e., WN/}‘((C?Z)(M)) C L2QP(M). Observe W(x,) is

continuous in a distributional sense. To see so, given 7 a p—dimensional face on both dim(M)-simplices
oo and o1, then for inclusion iy : 7 — oy, for k = 0,1, we have zOW U)oy = z1W( )]s, Hence we have
the continuity. From the definition we see ||x;||z2 are uniformly bounded for all p-simplices 7, hence
WP(u) € L2QP(M) and the map is well-defined.

Next recall G acts freely and cocompactly. Hence for any p-simplex o, we can choose D > 0 and
S > 0, such that:

/HW(XU)H2 dvol, >2-D
{1 € Su(K) | T € st(o)}| <8 {7 € S.(K)|oest(r)} <S

where st(o) is the closed star of 7. For p-simplex o we choose a neighbourhood U(c) of [ o open in
K such that U, as a face and we choose such neighbourhoods equivariantly, i.e.:

g-U(o)=U(go) Ul)NU(r)=0 foro#7

Since W (x,) is supported in st(7), we have W (x,)(z) = 0 for x € U(c)\st(7).By possibly shrinking
U(o) to a smaller neighbourhood we may find a number ¢ > 0, such that up to a small error we can
identify U(c) with [(0) x (=3, &), and we then have:

>4 fr=o0
/ WPO2 dvol, 420 (2.65)
Ul(o) < 7525 if r#o

So now given u =y Uy - Xo, We See:

Z\uﬂ_a/ it - W ()12 dvol < + Z/ (I w0 + 1 e () v

TH#0

So now we study two summands separately by the bounds we get above. First by U(7) are pairwise
disjoint, we have:

3 [ ISPl dvol < [ S ¥ ) vl < )
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On the other hand, we note by the bound in 2.65 and ||>_\_, a;| < (2r — 1) Y0_ ||la:||?, that:

/U ||ZUT (xr)2 = / I Z wW (x| dvol

T;éa u( T#O
o€st(T)
(25 —1) / > W (x-)lI2 dvol
T#O
oEst( )
<S-1- 3 furl [ [W)E dvol
T#0 U(o)
o€st(T)
< @518 Y furl e < 5l
= — 7 (45-2)9 T 2 L
Summing up, we have ||ul|z2 < %HW(’UJ)HLQ, hence the map is bounded from below. O

Now the advantage of using barycentric coordinate functions is that we can choose perform barycen-
tric divisions on K, and use such to construct a sequence of {W?%. o A%}k which approximates id in
operator norm. Recall mesh and fullness of a triangulation K are defined as:

mesh(K) := sup{d(p, q) | p, q vertices of 1-simplex}
vol(o)

Fll(R) = I A mesh(K)

| 0 € Saimn)(K)}

which measured the ‘density’ and ‘convexity’ of triangulation respectively. Then:

Lemma 2.40. [Dod77, Lemma 3.9] Fix 0 > 0, k > diHTlM +1 and an equivariant smooth triangulation
K. Then there is a constant C' > 0 such that for any equivariant barycentric subdivision K’ of K
with full(K”) > 6, we have:

dlm(l\/I)

Vo e HYQP(M)  [lw — WP, 0 A2 (w)]|o < C - mesh(K") Vo llwllx (2.66)

Sketch of Proof. First choose local trivialization with respect to {U,}sck, and then choose open
subsets {V; },ex (again equivariantly), such that V; C 7, and each point in M is covered by maximally
m-many V;. We can get an upper bound for all x € 7 € Sy (K'):

jw = Wir 0 Agr(w)| < C - diamr(|[w]v, 1k + [|]v: [l0) (2.67)
which we can choose C' independent of w, 7 and K’ in view of [DP76, Proposition 2.4]. Consequently:

lw = Wir 0 A2 < > [ |w— Wi 0 Ao (w)[? dvol
TeKk’' T

< C% - dim(M)? - mesh(K')* 40D Y 2wy, ||k + [lwlv, [lo)*

T

<2-C" - mesh(K')*FMO N (ol 16)? + (Jwlv, l0)?)

<C"-m-mesh(K )Q'Hhm ||w\|k

Since m is universally chosen, the lemma is proved. O
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We may choose the subdivision K (e) with mesh small enough such that |jw— Wp K )oA ( o <
€/2. Now choose a representative w € 7-[1()2)( ) with [w] € H(Q)(A*K), we want to prove [w] €
Hf’Q)(HZ_*Q*(M)) vanishes.

First observe C¥. )( ) = CE*Q)(K "} is compatible with differential, hence H @ (Ak(e))([w]) = 0. Now

2
find u € Cpi (K (e)) such that

P _ pr-1 €
we have:
[|w — ijqg) © lej(ii (u)llo < [Jw — ijqg) © A];((g (W)llo + ||W1p((e) © AI;{(E)(W) - W}pqg) © C’Zg(i)(U)llo <e€
Last one checks that dmaX o WP (1) = W K(©) c’;{( ) hence for any € > 0, we can choose v € Dom dh,ax

such that |jw — d&axvl|o < €. Consequently w is trivial, and we have proved bijectivity of H (2)(A*) and

consequently 7°-Hodge-de Rham Theorem is proved.

The proof of Theorem 2.34 follows exactly the same procedure. We first prove Fy,(K) = F,(M):

Lemma 2.41. Given any equivariant smooth triangulation K we have
Fy(K) < Fy(H' Q" (M)) = Fy(M)

Proof. Note surjectivity of A* has directly implied the first part. It suffices to prove F,(H'=*Q*(M)) <
F,(M). By the isometric isomorphism (1 + A,)¥/2 it suffices to
F(d%; : (Imdb, )t € H'QP(M) — L2QPTH(M)) < F(dVy) (2.68)

min

Now arguing like Lemma 2.38 we see for w € Q2 (M), and ) € Im(dfnm) , we have (dP~1(w),n) 2 = 0.
Meanwhile, for w € HQP(M), one has:

lollf = (1 + A)pw,w) = [[wlIg + lld (W)II + 16 (W)II5 (2.69)

Together we have, by restricting the inclusion H*QP(M) — L?>Q(M) to Im(dﬂiﬁl)l one gets an injective
morphism j : Im(dp_l) — Im(d?; )L

min

For 0 < X < 1, recall definition E(d%;, A) in Definition 2.1. For w € L,we have éP(w) = 0, and we
have:
1P (W)Il5 < X - llwllF < A (lwlF + lld (@)1

L\« oL
Hence E/(\i%al )\%i“ o j is injective when restricted to L. Consequently, by Lemma 2.2
1 3 ( mln)* ﬁjl‘n >\

Since this holds for all L € E(dﬁ’;‘l,)\), we have Fj,(H'=*Q*(M)()\) < Fp(M)(\/liﬁ) and hence proves

the lemma. O

To finish the proof of Theorem 2.34 it suffices to prove F,(M) =< F,(K). By homotopy equiv-
alence it suffices to show the claim for one fixed smooth triangulation K. Also fix ¢ > 0. For

pL \x gpL
w € Tm(ESm ) € Tm(dl )L, note (Aphminlyyyr e = (PFLdP)ky, = (dh,) b, Moreover,
pL \x gpL
Ee(;i“““) min () = w, so by Lemma 2.2 we see:
1 L
ol = (w, (14 Ap)* (@) 12 = (w, (14 (dh) " dinin)* () 12 < (14 €%) - w3 (2.70)
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pL oy oL
Hence we have a bounded G-equivariant operator i, : Im(Eﬁ(gmi“) dm“‘) — H'"PQP(M). Now the

following diagram commutes:

dP+

* gpL . T
Im(Ee(zmin) dmin) ¢ Le s Hl_pr(M) A*)p C?Q)(K) P % Im(cp—l)L

d?nJi_n ldp lcp ‘y (2 : 71)

(d(pﬂrl)J_)*d(Pfl)J_ I p 1ot ol 20pt1
We first claim the upper composite map is bounded from below. It is a fact that we can find an
equivariant subdicision whose fullness is bounded below with mesh arbitrarily small. Hence using
Lemma 2.40 we can choose a constant Cp < 1 such that for any p-form n € H*QP(M):

[l = WP o AP(n)llo < Co - [Inllo

Denote pr’ : L2QP (M) — I?(dﬁg)L' Then we have W?(Im(c?~1)) C Im(d”}), hence pr’ o WP o pr =
I3 )*dp

pr’ o WP. For w € Irn(Ee(gmin min) " we have pr’(w) = w, and:
[wllo < [[pr o WP 0 AP 0ic(w)llo + [lw — pr’ 0 WP 0 AP 0ic(w)]lo

< |[WP][ - [[pr o AP o ie(w)lo + [lw — WP o AP oic(w)]lo from pr'(w) = w
< ||WP|| - |lpr o AP o ic(w)|lo + Co - ||wllo from Lemma 2.40

Hence we have proved the claim.

(dpi' )* P+
Next we prove for all A <€, and w € Im(E£,,"™ ™):

|cP opro AP oic(w)|lo < Cs- A ||pro AP o i (w)]lo (2.72)

We see this is straightforward by applying the claim above, Lemma 2.39 and the above commutative

1 1
(dfnin)*dp

diagram. Hence we conclude pr o AP o i(Im(E), min)) € L(cP,CN). But pro AP o i is bounded
from below hence is injective, and we have proved Fj,(M) =< F,(K) and consequently Theorem 2.34
by observing:

pL y« gpL
Fp(M)(A) = dimy ) (pr o A7 o ic(Tm(E\qnn) min))) < F,(K)(C - A) (2.73)
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Chapter 3

Computation of L*-invariants

In this chapter we will compute various L?-invariants on various examples. The examples are arranged
in a crescendo of difficulty:

As an hors d’ceuvre we first discuss the flat torus, in which we observe how the analytic approach
and the topological approaches unify;

The main course of this chapter is devoted to the computation of L?-invariants of symmetric spaces.
Before stating the main theorem Theorem 3.36 we have used two sections to familiarize the readers
with pertinent term and theorems.

3.1 L?-Invariants of Flat Torus and Z"-CW complexes

We begin the discussion with the easiest nontrivial case, namely the flat torus. Consider the flat torus
to be the quotient of R™, under the action:

7" — Isom(R") (ar, -+ ,ap) — ((a:l,'w ) (T Far, -, T, —i—an)) (3.1)

Clearly this is free proper action, with the group acts isometrically, so we can T"™ furnished with
the unique Riemannian metric such that the quotient map 7 : R® — T" is Riemannian covering.
Consequently, the curvature tensor on T" vanishes altogether with [, dvol = f[o o do =1

Next we inspect the Laplace operators and heat kernel. The Laplacian on functions Agf =
S 2 o 2f On the other hand, we see L?(R™, APT*R") can be identified with L*(R") ® APT*R", where

the Laplacian Ap acts on p-form w = fdx; A -+ Adzg, by Apw = Z;‘ 1 835 dazZl - A dx;,, hence it
suffices to investigate the heat kernel on functions.

Now by appealing to Fourier transformation, we yield the heat kernel on functions and consequently
on forms given by:

==yl
K (t = ®id 2
with (Z) the dimension of APT;R" = APR". Now trc K,(t,z,z) = ( ) 4Trt =73, SO consequently, for
all0<p<n
1
B(R™, N(Z") = lim ———— =0 (3.3)

t—o00 (47Tt)”/2
Next we inspect the Novikov-Shubin invariant. To compute this we use Proposition 2.13. First observe
Vi,

there is no gap in spectrum around 0, since for any A € R+, we have: AeVATi = )\ . ¢ , hence the

spectrum of lambda contains R and in particular, apA (ﬁ) # oo™, Moreover,

— 1 n 1
0,(T™)(t) := / tre Ky (t, 2, y) dvol = / <n> — dvol = ( ) 3.4
p( )( ) 0] C p( y) 0,17 \P (47Tt)n/2 D (47Tt)n/2 ( )
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(;)

7z We have:

Hence by taking C,, =

. _ 7\ () — b2 (Tn nn(C, -t
(T = iing ~ OO BT 0G0

t—o00 hl(t) t—o00 ln(t) 2

We leave the computation of ap(ﬁ) to the last, and compute the analytic L?-torsion first. Observe
for any 0 < p < n, we have:

/OO - (0,0 ~ b2 (@) dt = /OO Cpt7% < o (3.5)

€

hence R™ is indeed of analytic determinant class. Also recall [SS03, Chapter 6, Theorem 1.6 & 1.7]
that ﬁ is an entire function with simple zeros at s € Z<(. Moreover,

oo

1 s
7] 1 2N, —s/n )
O nHI( + e (3.6)
Then some computation gives us 1/T'(0) = ds F .30 we choose € = 1 and
have
pan(T) = 1Z(—l)” P (d/ Cyp - / Cp-t 172 dt)
an 2 d
=0
1 d 2
== (-1)P-p- ——n + (3.7)
S (el o)
1 —Cp-2 2-C
= — — p. . p p =
QPZ%( "-p ( n * n ) 0

so we see the L2-torsion vanishes for T for all n.

Lastly we want to prove Fp(fﬁ) =n for all 0 < p < n. We do this first by observe the following
general phenomenon that aﬁ(M ) = 1/2 - min{a, (M), apt1 (M)}, which with a careful calibration
of domain, is a easy consequence of Lemma 2.5. But now observe on R" the higher differential
is essentially the same as the differential on function, whence we have the same Novikov-Shubin
invariants for all p. Hence we have a,(T") =n for all 0 < p < n.

Next we consider the topological approach. We shall begin with consider the underlying ring
N(Z") self. From Fourier analysis it is readily to derive an isomorphism between (*(Z) and L*(T)
which sends every f € L?(T") to f : Z" — C, such that:

fn):=@m) ™ [ fla)e ™) do (3-8)

Tn

and conversely sending § € (*(Z") to g = Y pezn f(k)e“k’*). Moreover we see this map is Z"-

equivariant, if we take 7" € C" the unit torus, and (ki,---,ky) € Z" acts as (z1, -+ ,2,) —
(2F1,...  2fn). Consequently, we see N(Z") = B(L*(T™))%". Invoking Proposition 1.9 we have a

representation of L>(T™) on L?(T™):
L®(T™) — B(L*(T))™" (3.9)

which sends f € L°(T') to the Z"-equivariant operator My : L*(T") — L*(T™) via multiplication by
f- Under this isomorphism we have the von Neumann dimension can be realized as:
idpn idn 1 I1f 1l
) = dvol =
\/VOI(T”) \/VOI(T")> VOI(TTL) Tn f VOI(T”)
(3.10)

dimN(Zn)(Im My) = trpz(n) (My) =(f-
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In particular, we observe {Ei\/[‘f '} >0 which is a family of projections on L?(T™), can be realized using
Proposition 1.9 as:
M
M =y L2(T) 5 LX(TY) g xs-g (3.11)
for the set S corresponds to the Borel subset spec(M|z) N (—o0, A] = essran(]|f]) N (—oo, A]. Hence in
our case,

S={zeT"[[f(?) <A}
The reader can readily verify that this indeed defines a spectral measure which satisfy the conditions
stated in Spectral Theorem.

Now we move to consider L?-Betti number and Novikov-Shubin invariants for general Z"-CW
complexes of finite type.

Lemma 3.1. Let C, be a free C[Z"]-chain complex of finite type with some basis. Denote C[Z"](®)
be the quotient field of C[Z"]. Then:

b2(CP) = dimgpgno (C27)© @ Hy(C.)) (3.12)

Proof. Since the Betti number only captures local data, we may assume without loss of generality
that C, is finite dimensional. Abbreviate C[Z"](®) ®Qcpzn) Cx as CZEO), we first treat the case where
C” has trivial homology. Since C[Z"](©) is a field, we have " is contractible and can then choose
a C[Z™-chain contraction &, for it. Now we claim there exists a u € C[Z"] such that for all p,
My o0d, = 71(,0) for some C[Z"]-chain map ~, : Cx — Cy41, and M, the multiplication by u. To see so,
we choose a C[Z"](V-basis of ") and take 4, as a finite-dimensional C[Z"])©)-valued matrix. Then

take u to be the product of all entries of this matrix, we have M, o d, to be a C[Z"]-valued matrix,
and hence can be realized as a C[Z"]-chain map ..

Now 7, defines a C[Z"]-chain homotopy M, ~ 0 : C, — C, since M, commutes with any chain
map. This indeed induces a chain homotopy of Hilbert N (G)-chain complexes. Now by appealing to
the previous discussion on structure of N(Z"™), we see M&Q) is an injective map between ¢2(Z")* and
hence all L?-homology H (2)(0,22)) vanishes, whence b1(,2) = 0.

Now we treat the general case by construct some acyclic mapping one. Denote b, to be the C[Z"]-
dimension of ((C A ®cjzn] Hp(C’*)>. Now since C[Z"](?) is a field, we have C[Z"](®) ®czn) Hp(Cy) is
a C[Z"]()-free module, hence by choosing appropriate basis, we have a C[Z"](?)-isomorphism between
EBfilC[Z”](O) — C[z")© ®czn] Hp(Cy). Again by the same trick as the first case, we can compose it
with a suitable element such that the composite map is induced by some C[Z"]-map:

ip : ©, C[Z"] = Hy(C.) (3.13)

Now Take D, be a C[Z"]-chain complex with D, = @fi C[Z"] for all p and the differential are all
trivial. Then we have H(C,) = H(D.). Now consider the chain map j, : D, — C, with j, =i, for all
p. Consider the following exact sequence of C[Z"]-chain complexes:

0 — Cy — coney(jx) — XD, — 0

where XC, the suspension of C,, is hence a free C[Z"]-module. Thus this sequence splits, and hence we
may extend it to a exact sequence to C,E2) or C’io) . Now we see from the exact sequence that cone,(j)
is acyclic, and then the first case applies. Now Theorem 2.25 shows b](f) = b(g)(C,?)) = b2 (kaz)) =
bp. O

Now we proceed to prove Novikov-Shubin invariants for Z-CW complexes, Since we will need the
underlying ring to be a principal ideal domain, which is only enjoyed by C(Z) but not for C(Z") in
general, hence a complete analog of Lemma 3.1 is not possible. Nonetheless, this can be remedied by
studying some product formula of spectral density functions and Novikov-Shubin invariants.
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Lemma 3.2. Let G and H be discrete groups. Let f : U — U and g : V — V be positive maps
of Hilbert A (G)-modules and Hilbert N (H )-modules respectively. Then f ® idy +idy ®g defines a
positive map of Hilbert V(G x H)-modules with:

F(f @idy +idy ®g) ~ F(f) - F(g) (3.14)

Proof. 1t is clear from definition of von Neumann dimension that dimpr gy ) (U @ V') = dimprey(U) -

dimps gy (V). Now for z € Im(Eic/Q) = F(f)(\/2), and y € (E§/2) = F(g9)(\/2), we have from
Lemma 2.2

AN

I(f ®@idy +idy ©g)(z @ y)l| < [F @) -yl + llz]l - g ()]l

A A
5 lelllyl + Sz lliyll = Allz @y

IN

Hence we have again by Lemma 2.2, that F(f)(\/2)- F(g9)(A\/2) < F(f ® idy +idy ®@g)(A).
On the other hand, f ® idy < f ® idy +idy ® implies F(f ® idy) > F(f ® idy +idy ®) and

consequently Im(Eﬁ\c@idV +idy ®) c Im(Ef\c@dV). By a symmetric argument, we have:
Im(E{# 140 9) € tm(B{*) @ Im(E}"" ®9) = Im(EY) ® Tm(E)
Summing up the result, we have F(f)(\) - F(g)(\) > F(f ® id +id ®g)(N). O

Now the lim inf does not comply with additivity of two functions, so the Novikov-Shubin invariants
of two functions does not necessarily adds up. This has motivates the following definition:

Definition 3.3. A Fredholm spectral density function has the limit property if F'(\) = F(0) for

some A > 0, or if
lim In(F(A) — F(0))
A—0+ In(t)

(3.15)

exists. We say a Fredholm Hilbert chain complex C, has the limit property if F},(C,) has the limit
property for all p € Z, and a G-CW complex X of the finite type has the limit property if the
asscociated cellular L?-chain complex has the limit property.

Define now another auxiliary function § : [0, 00] — {1} U{co™} such that §(0) := co™ and §(r) =1
elsewhere.

Lemma 3.4. Let F, G are two density functions which are Fredholm and has the limit property, then
so is F' - G with:

a(F - G) = min{a(F) + a(G),0(F(0)) - a(G),a(F) - 6(F(0))} (3.16)

Proof. Since a(F) = a(F — F(0)), so it suffices to treat the case F'(0) = G(0) = 0. Now the result is
direct from In(F'-G) = In(F)-(G) and the limit exists, so the result readily follows from Lemma 2.5. [

Now the following product formula follows from the previous lemmas as well as a careful calibration
of domain. We omit the proof due to the cumbersome notations. For details of proof refer to [Liic13,
Lemma 2.35]:

Theorem 3.5. Let G, H be discrete groups. Let Cy and D, be a Hilbert N'(G)-chain complex and
a Hilbert N'(H)-chain complex respectively. Suppose C, and D, vanishes for p < 0, and are both
Fredholm with limit property. Then Cy ® D, is a Fredholm Hilbert N'(G x H)-chain complex with limit
property and:

@, (Cy ® Dy) = Ioin {0 (Co) + ani(Ds), 8(F3(C)) - ag_y(Dy), 8(EFi(Ds)) - e 4(C)} - (3.17)

5 )



3.1. L2 INVARIANTS OF FLAT TORUS AND Z"-CW COMPLEXES

and

an(C* & D*) = mln {061'-0-1(0*) + an—i(D*)> az(C*) + Oén—i(D*)a

1=U,-,

0(Fi(Cy)) - an—i(Dx), 6(Fi(Dx)) - an—i(C)}  (3.18)

From this we can easily derive analogical formulae for products of G-CW complexes for varying
G’s. In particular, it suffices, in view of this theorem, to compute the Novikov-Shubin invariants of
N (Z)-chain complexes.

Lemma 3.6. Let C, be a free C[Z]-chain complex of finite type. Since C[Z] is a principal ideal
domain, we by the structure theorem can write:

Hy(Cy) = ClZ)™ @ ( D crz/((= - ap,z'p)rp’”’)> (3.19)

ip=1

fir ap;, € C, and ny, sp,1pi, € Z with ny, s, > 0 and rp;, > 1, and z a fixed generator of Z. Then
(*(Z) ®cz) Cs has the limit property. Take S = {i, =1,---,sp | |lap,|| = 1}. Then we have:

(3.20)

%+1(C£2)) _ {mln{%lwp | ip € S} if s, >1,5 #0

oo™t if otherwise

Proof. The key of this lemma is to reconstruct a chain complex with nicer differential map at each
degree, which induces the same homology as Ci.

Let P(ny)« be the free C[Z]-chain complex concentrated in dimension 0 with module C[Z"]"». Let
Q(ap,i,,rp,i,)s be another free C[Z]-chain complex concentrated in dimension 0 and 1 as follows:

(2—a, ; )PP

> 0 > C[Z] P, C[z) 0

Now H,(D,) concentrated at dimension 0 with C[Z]/((z — ap;,)"»"). Now assembling components
together, we can easily construct the following C[Z]-map:

fe: @ P (P(np)* & @ Qap,i,, rp,ip)*> — C,

p>0 ip=1

which induces an isomorphism on homology. Now since both sides are free C[Z]-modules, we have f to
be a C[Z]-chain equivalence. Now by Lemma 2.5 it suffices to prove the statement for Q-component,
ie, forae C,r € Z,rg > 1, we have:

1 if [ja| =1

a1(Q(a,r)«) = {T

3.21
oot if fall £1 (320

Next from the discussion on von-Neumann algebra of Z" we see immediately from the differential being
injective that: F1(Q(a,7)«)(A) = F(Mp_gyr)(A) = F(M._qyr)(A) = vol{z € S' | |[(z — a)"| < A}.
Now clearly Fy =0 for 0 < A < |1 —|a||", and oy = oo™ for |a| # 1. Otherwise, we have:

vol{z € S | |(z — a)"| < A} = vol{cos(¢) + isin(¢) | |2 — 2cos(d)[/? < A} (3.22)
Moreover, we see limg_,o %(;S(dﬁ = 1, that Q(a,r) has the limit property, with a;(Q(a,r)) = %
Hence the lemma is proved. O
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Lastly we see the L?-torsion of a finite free Z"-CW complex that is of det-L2-acyclic. Again we
follow the same mechanism as in Novikov-Shubin invariants, by procuring some product formula of
L?-torsion of det-L2-acyclic free G-CW complexes for varying Gs. Then from L?-torsion of Z-CW
complexes we get results for spaces that are products of such Z-CW complexes, so in particular has
included 7™, since all its L?-Betti numbers vanish.

Theorem 3.7. [Liic13, Theorem 3.35(6)] Let f : C, — C\, be a chain map of dim-finite Hilbert vna(G)-
chain complexes and g : Dy — D, a chain map of dim-finite Hilbert vna(H)-chain complexes. Denote
x?(C,) € R the L?>-Euler characteristic. Then:

I If D, is further det-L*-acyclic, then so is C.® D, as dim-finite Hilbert N'(G x H) chain compler,
with:
pP(C. & D) =xP(C.) - pP(D.) (3.23)

11 If Cy and D, are of determinant class, then so is Cy ® D, and:

pD(C. @ D) = x(C,) - pP(D,) + XD (D) - 9P (C.) (3.24)

I If f, and g, are weak homology equivalences of determinant class, then so is fi. ® g« and:
p®) (cone.(f @ g4)) = XD (C.) - p® (conen(g.)) + X (D.) - p* (come.(£.)) (3.25)

Now the following theorem follows readily from this and the fact that x(?)(X) = x(G\X) for finite
free G-CW complexes:

Theorem 3.8 (Product Formula for L?-torsion). Let X be a finite free G-CW complex and Y
a finite free H-CW complex. Suppose X is det-L*-acyclic, then the finite free G x H-CW complex
X XY is det-L?-acyclic and:

P (X X Y, N(G x H)) = x(H\Y) - p (X, N(G)) (3.26)

So now we consider a det-L2-acyclic C[Z]-chain complex C,. First note any acyclic chain complexes
of free modules over a principal ideal domain is contractible, by a easy induction from below and
structure theorem of finitely generated module over principal ideal domain. Hence we have such C is
contractible. Now Theorem 2.31 implies p®)(C,) = ¢%(7(f)) depending on the G-chain contraction f
we choose. However, since the Whitehead group Wh(Z) vanishes (in fact, [BHS64] shows Whitehead
group vanishes for any Z™). Consequently, ,0(2)(0*) = 0. So in view of Theorem 3.8 we proved that
for any finite free G-CW complex D, then D x S! has vanishing L?-torsion.

3.2 Survey on Lie Algebra and Plancherel Formula

From this section onwards we set off to compute the L?-invariants of symmetric spaces, together with
a discrete group I' acts on it properly free. This will provide an arsenal which may then be used to
yield some partial results of some outstanding conjectures.

The trilogy begins with a crude survey on basic definitions and facts of representation of semisimple
Lie groups. This is a vast topic with many ramifications, and has insofar witnessed many important
applications to L2-cohomology. It is way beyond the efforts of this article to even enumerate all these,
and we will hence satisfy with ourselves at those aspects which related to our main discussion. For
details of many important results we quote herewith the reader is referred to the classical text [Knal6].

The second part is continuous cohomoloy of Lie groups, which is a natural outgrowth of the
underlying representation theory. It has a potential to be extended to general reductive groups such
as p-adic groups, but we are content with linear connected reductive groups. Interested reader can
also refer to [BW13] for a thorough discussion.
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Throughout the rest of the chapter we are working with linear connected reductive group,
which is a closed connected group of real or complex matrices that is stable under conjugate transpose.
In this section we collect all th relative terms and theorems in representation of Lie algebra, cumulating
to the point of a Fourier inversion formula on such group, due to Harish-Chandra [HC76].

First recall an analytic group is a topological group with smooth structure compatible with group
multiplication and inversion. A Lie group is a locally connected topological group with a countable
base such that the identity component is an analytic group. An abstract Lie algebra is a vector
spaces with Lie brackets, The Lie algebra of an analytic group G is the tangent space at identity.
Throughout this chapter we use old German fraktur letters g, b,--- to denote Lie algebras.

Given a real semisimple Lie algebra g, we define the Killing form B for g to be:
B(X,Y) = tr(adx ady) (3.27)

with adx the adjoint representation of Lie algebra on g with adx(Z) = [X,Z] for X,Z € g. We
define a Cartan involution # on g to be an automorphism of g such that #? = 1, and such that
—B(X,0Y) defines a positive definite symmetric form on g. Throughout our discussion we take © be
inverse conjugate transpose on G and take § = dO|. and call both Cartan involution.

A f-stable Cartan subalgebra of g is a subalgebra h that is maximal among abelian #-stable
subalgebras of g. A O-stable Cartan subgroup H of G is defined as Zg(h) for some #-stable Cartan
subalgebra h. It is a fact that all f-stable Cartan subalgebras of g have same dimension', hence we
can define the (complex) rank rankc(G) of G to be the dimension of #-stable Cartan subalgebra.
As a surprising result, the rank have completely decide if the L2-invariants of symmetric space of
noncompact type vanish, as we will discuss in Theorem 3.36.

With respective to § one admits for g a Cartan decomposition, given by:
g=top (3.28)
with € and p are respectively +1-eigenspaces of . Since 6 is an automorphism, we have:
eeCce  [EplCp, [pplCE (3.29)

So in particular £ is a Lie subalgebra of g.

Define trace form By on g by Bo(X,Y) := tr(XY'). Note By|, is positive definite. Then (X,Y) =
—ReBy(X,0(Y)) defines an inner product on g, and we see p and £ are orthogonal with respect to
<_7 _>-

With respect to Cartan decomposition we can construct a compact dual of G, wherein we can
apply all the nice theories of compact Lie groups. We can assume for most of time that £ Nip = 0.
Then the compact dual, which we denote as G¢ is the analytic group of matrices with Lie algebra
t@p. It is a fact [Knal6, Proposition 5.3] that G? is compact if G is linear connected semisimple.

Following this we fix a #-stable Cartan subalgebra b and then form a Cartan subalgebra of the
compact dual g% = @ p to be h? = (hN€) @ i(hNp). Observe h€ = T, so then we can apply the root
space decomposition in compact case to this by discussing A := A(hC : g®) (See [Knal6, Chapter TV]
for discussion in compact Lie group case. It is also similar to the case of restricted root as mentioned
later.) Again as in compact case, we can define an ordering for A and define a notion of positivity
on it. Moreover, we can define a subset of simple root in positive roots, i.e., all those positive roots
that cannot be decomposed into sum of two positive roots.

Now one can define an algebraic Weyl group W (h® : g©) to be the generated by all root
reflection {54 }aea with s, the reflection of A(hT : g®) with respect to hyperplane a-. Furthermore,

!This can be seen from that 6-stable Cartan subalgebra are compatible with compact dual. Now all Cartan subgroup
of a compact Lie group are conjugate with each other hence have same dimension.

2For G to be real linear this is trivial. for cases when G such as SL(2,C), we need to interpret g© and G in the way
that we regard G C GL(n,C) C GL(2n,R). The exact way we force £ Nip = 0 will not be important.
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define analytic Weyl group W(H : G) := Nx(H)/Zy(H). Then we have W (H : G) C W(h© : g©),
with equality holds if G is compact.

Now consider the adjoint representation of Lie algebra. Consider a to be a maximal abelian
subspace of p. With respect to (—,—) we see each ad, are symmetric matrices. So ad, give a
commuting subfamily of symmetric matrices are simultaneously diagonalizable with real eigenvalues.
Then this defines a linear functional A on a, we write:

g ={X €g|VH €a,[H X]=\NH)X} (3.30)

If X\ is not trivial on H, and g, # 0, then we say A is a restricted root of g with g, the restricted
root space. We denote the set of restricted roots with A(a : g), or ¥, when there is no ambiguity on
a. We also denote Zg(a) to be all the elements in ¢ that commutes with all elements in a. Now:

Proposition 3.9. [Knal6, Proposition 5.9] Restricted roots and their root space decomposition have
the following properties:

1. g =90 ® Drex 0/

2. [ox, 9ul € Orips

3. 0gy = gx and hence ¥ is a symmetric subset of a*;

4. If X # p, then gy is orthogonal to g, with respect to (—,—);
)

. go = a®m, where m = Z(a), the sum is orthogonal with respect to (—,—).

Again we may define positivity on X. Denote all the positive restricted roots to be X1, we define
n =73 \cs+ x Now from Cartan decomposition, which we can derive Iwasawa decomposition:

Theorem 3.10 (Iwasawa decomposition). [Knal6, Theorem 5.12] For G a linear connected
semisimple group, then we have a direct sum decomposition g =tdadn. Let A and N be the analytic
subgroups with Lie algebras a and n. Then A, N and AN are simply connected closed subgroups of G
and the multiplication map:

KxAx N — G, (k,a,n) — kan

s a diffeomorphism onto.

Iwasawa decomposition now allows us to define real rank of GG to be the dimension of a. This rank
determines the existence of discrete series representation, which then decides the discrete spectrum of
A, as later discussions reveal.

Following the way of Iwasawa decomposition we can form a scheme of decomposing closed sub-
groups of G. If we write Iwasawa decomposition as G = KA,N, and take compact subgroup
M, = Zk(Ay). Note M, normalizes each space gy and hence M,A,N, is a closed subgroup of G.
We define M, A, N, and its conjugates to be minimal parabolic subgroup of G.

A parabolic subgroup of G is a closed subgroup containing some conjugate of M, A, N,. Now
for each parabolic subgroup there is a corresponding decomposition S = M AN known as Langlands
decomposition, which is uniquely defined by the following properties:

1. At Lie algebraic level we have s =m @ a @ n;

2. m,a,n are mutually orthogonal with respect to (—, —) on g;
3. m@a=sNbs =Z(a);
4, a = p N Zm@a.

Now let A, N, My be the analytic subgroup of G corresponding to a,n, m respectively, and denote
M = Zg(a)My, then one can show that similar to Iwasawa decomposition that multiplication defines
a diffeomorphism M x A x N onto S, and Mj is a linear connected reductive group with compact
centre. Now the parabolic subgroups are classified by the following result:
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Proposition 3.11. [Knal6, Proposition 5.23] Fiz MyA,N, and let £ be positive roots of (g, ap)
determined by n,. Let II be the set of simple root in XT, the same way as we defined semisimple
case. Then there is a one-to-one correspondence between:

{5 = MAN | § 2 My4,N, parabolic} «— {15 11} (3.31)

with the correspondence being A € Ilg if and only if gy C m. Furthermore, no two of these parabolic
are conjugate within G.

Remark 3.1. Note there is a natural construction of parabolic subgroups from 6-stable Cartan
subalgebras. Choose one such subalgebra § and take m, a,n as follows:

1. a:=HnNp;
2. m the orthogonal complement of a in Zy(a);

3. Perform a restricted root decomposition relative to ad a as in Proposition 3.9 and similarly define
n to be the sum of positive root spaces.

Similar to before, we obtain a parabolic subgroup S = M AN. This parabolic subgroup is characterized
by the fact that m has a Cartan subalgebra h N €. We call such cuspidal parabolic subgroup. By
[Knal6, Theorem 5.22(b)], there is a unique #-stable Cartan subalgebra b (up to conjugacy) such
that the Cartan subalgebra h N ¢ takes maximal dimension. We call the cuspidal parabolic subgroup
constructed from such h the fundamental parabolic subgroup.

Remark 3.2. Together with Proposition 3.11 we have if dimb; Np < dimb; N p, then we have the
following “hierarchy”, which can be made to subsets by conjugacy within G:

dima; < dimay dimm; > dimm; dimn; > dimn; (3.32)

So in particular, the fundamental parabolic subgroup P = M AN takes minimal dima = dimb —
dimh N, where hN¢ in this case is the Cartan subalgebra of . Summing up, we have for any
cuspidal subgroup P; = M;A;N;, we have dima; > rankc(G) — ranke C(K), with the equality taken
in case of fundamental parabolic subgroup.

As the last step before stating the main result, we need to define a special type of irreducible
unitary representations on M then derive an induced representation (of the same type) on G. The
stunning result is that the character of these representations govern the a all Schwartz functions on
G/K, as Plancherel formula later reveals.

Definition 3.12. [Knal6, Propsition 9.6] Given an irreducible unitary representation = of G on V,
the following conditions are equivalent:

1. 7 is equivalent with a direct summand of the right regular representation R of G on L?(G),
where R(g)f(z) = f(zg);

2. Given any u,v € V, matrix coefficients m,, : G — C defined by m,,(9) = (7(u),v)y is in
L3(G).

When these conditions are satisfied, we say m is in the discrete series of G.

One should note when G is compact, then every irreducible representation can be made unitary
by averaging the inner product on V and can be shown to be discrete series. Consequently, we know
M, in minimal parabolic subgroup, which is always compact, have discrete series.

More generally, we consider the case when ranke G = ranke K, then we can choose b C £ C g be
a Cartan subalgebra. As a direct consequence, we can define root systems for both g and ¢© with
respect bC, as we did in restricted root case. Denote:

A=A0C:g%  Ag=A®0": €5 (3.33)
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with respective algebraic Weyl group W and W . Relative to any choice of positive system AT we
shall take AL = AT N Ak, and define:

oc ::% Z Q, 0K ::% Z o (3.34)

+ +
acA acA

Lastly we state for a general f-stable Cartan subalgebra b, a linear functionl A € (h©)* is analytically
integral if for all H € hp := (hN¥) @ i(h Np) with exp H = 1, then \(H) € 2miZ. Note this implies
that X is real-valued on ¢hg.

Now we are ready to state the result of Harish-Chandra [Cha66] which classified all discrete series
representations:

Theorem 3.13. [Knal6, Theorem 9.20 ,12.20 & 12.21] A linear connected semisimple group G has
discrete series representations if and only if rankc(G) = rankc(K). In such case, for A\ € (ib)*
nonsingular, i.e., for all « € A, (\,a) # 0. take AT respectively to be:

At ={aeA|{\a) >0} (3.35)

If furthermore A+ 0¢q is analytically integral, then there exists a discrete series representation my, with
two such constructed representations equivalent if and only if their parameters A are conjugate under
Wi . Moreover, this has classified all discrete series up to equivalence.

Remark 3.3. We call such A Harish-Chandra parameter of the discrete series 7). One can also
write out properties of such discrete series (e.g. infinitesimal character, highest weight, etc.) Readers
can refer to [Knal6, Theorem 9.22ff] for more details.

As one last step to-wards the statement of Plancherel formula, we want to see how a discrete series
of M* can induce a general representation of G as follows:

Definition 3.14. Given an irreducible unitary representation o of M on a space V7 and v € (a®)*,
then we can form the induced representation of c ®expr®1 of S = M AN to be the representation
of G, which we denote as (75, H"), with the representation space defined as:

HoV = {F LG — VO | F(zman) = e~ 10895 (1) =1 (), F| € L*(K, V")} (3.36)

with norm of ||F||? := [, |F(K)|* dk, and G in the induced representation acts on F by g - F(z) =
F(g~'z). Here py := % Za€A+(u:g) « the half sum of restricted positive roots, with positivity decided
by N.

Recall C(G) the Schwartz space containing all smooth functions which are rapidly decaying
under all left and right invariant derivatives by U(g®). (see [Knal6, Chapter XII.§4] for definition)
and denote C(G)kxk the subspace of bi-K-finite-Schwartz functions.(c.f. Definition 3.18)

Now we are ready to state the main result of this section:

Theorem 3.15 (Plancherel formula). [Knal6, Theorem 13.11] Let G be a linear connected reductive
group, and let Hy,--- , Hs be a complete set of non-conjugate ©-stable Cartan subgroups. Then there
exist computable real analytic functions pi(\,iv) : ib% x iaf — [0,00) such that for all f € C(G)kxk:

fo=>{% |

- — Ja*
-]_1 )\EMd J

tl‘(ﬂ')\’iy(f)ﬂ'/\m,(gil))ij(A,iV) dy} (3.37)

3one should be warned that we conceal much details about the discrete series of M here, as M is often not connected.
To remedy this, we construct discrete series of My and Mo Zn, and extend them to M by induced representation. To

see more details, one can inspect [Knal6, Chapter XII §8].
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where for each j, A runs over infinitesimal characters of all equivalence class of discrete series of M;
constructed from Hj, and b; the subalgebra of m; and b; ®a; = b;. Moreover, let Hy be the mazimally
compact Cartan subgroup, then for a nonzero constant ¢, such that le()\,z'V) takes the form:

(A iv, )

e ) (3.38)

P iv) = (- [

aEAT
with C' a non-zero constant depending only on normalization of Haar measure.

Remark 3.4. There are several things to note in Plancherel formula:

1. The Plancherel measures p' (A\,iv) dv depends on the normalization of Haar measure dg.
In our case we use the following: Let dz be the Riemannian volume form of X = G/K and dk
be the Haar measure of K such that [ x dk =1. Then we have:

/G 1(g) dg = /X /K F(gk) dk da (3.39)

We also normalize trace form By on g such that its restriction to p = T.x X coincide with the
Riemannian metric of X. Then set dv to be the Lebesgue measure corresponding to the induced
form on a*. By these choices p'’i (), —) is uniquely determined.

2. The determination of the Plancherel density for fundamental parabolic subgroup has several
variation. In particular, [Knal6] used an averaged version of characters, which is differed from
the version of our use by a constant. Moreover, the constant C'x was not explicitly there, which
arise as we differentiate a function FJT In general, this takes some effort to compute. In [HCT75]
and [HC76] both are explicitly computed, which is only different from our version by a constant
arise from difference in normalization of measures dg and dv. We shall explain this in times of
need.

3. The Plancherel density p’i (), iv) is an elementary function, i.e., it is a function of one variable
which is a composition of arithmetic operations. In particular, it is a function of polynomial
growth.

4. We note here the second sum runs over all Harish-Chandra parameters of M associated to
Hj, which we can, in view of Theorem 3.13, replace by all equivalence class of discrete series.
Moreover, for each H; we can construct as before a cuspidal parabolic subgroup, so the first sum
can also be summed over conjugacy classes of cuspidal parabolic subgroups of G.

5. Note C(G)kxx is dense in L2(G). When iv € ia* purely imaginary, we have ,;, unitary, and
then for f € C(G)kxk:

Toiv(f) := /G f(9) 7o dg (3.40)

defines a trace-class operator on H%”. This in fact holds for every admissible representation
with K-types bounded.(See for instance [Knal6, Theorem 10.2])

6. Note in ?? dimn; of fundamental parabolic subgroup P} = M AN has even dimension [BW13,
Chapter III, Lemma 4.2(i)].

To conclude this section, we mention lastly admissible representations of a Lie group G and its
interaction with centre of universal enveloping algebra, which will be of crucial importance to our
ensuing discussions on relative Lie cohomology. We begin with universal enveloping algebra.

Definition 3.16. Let g be a finite-dimensional Lie algebra over C and let T'(g) := > -2 &' g the
tensor algebra of g, and the universal enveloping algebra U(g) is the quotient of T'(g) by two

sided ideal generated by:
{(X@Y-YeoX-[X,Y)|X,Yeg}
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3.2. SURVEY ON LIE ALGEBRA AND PLANCHEREL FORMULA

It satisfied the universal property that if ¢ : g — A a homomorphism between associative algebras
with identity such that ¢([X,Y]) = ¢(X)p(Y) — ¢(Y)p(X), then it admits a unique lift to an algebra
homomorphism ¢ : U(g) — A via the canonical inclusion g — U(g).

Let Gr be an analytic group with Lie algebra gg. Now we can identify U((gr)®) with the space of
left-invariant differential operator D(GRg) via the following algebra isomorphism: Given X € gg, then
assign to it a left-invariant vector field X via:

Xf(z) = é%f($-(expt)()ﬂt:0 (3.41)

One can also take it as an first-order differential operator. Now extend the map to U((gr)®) via
universal property. Conversely, given a differential operator D € D(GRr), we realize it as an element
in U(g) use the equation above.

Definition 3.17. Denote Z(g®) the centre of U(g®). By [Knal6, Proposition 3.8] we can identify the
centre with all G-invariant differential operator, i.e.,

Z(g%) ={DcU(") | Vg€ G,Ad, D = D} (3.42)

Recall B(X,Y) = tr(ad X adY’)) the Killing form of g. Choose a basis Xi,...,X,, of g, then g =
(9] == [B(Xi, X;)] defines a n x n-invertible matrix with inverse [¢"/]. Put X7/ =}, ¢“ X,;. We now
define the Casimir element ) in g€ by Q := Zi’j gijX"X7. One can show Ad,Q = Q for all g € G,
hence we have Q € Z(g®).

Definition 3.18. Let G be linear connected reductive with compact subgroup K and 7 is a represen-
tation of G on a Hilbert space V. We call v € V' to be K-finite if 7(K)v spans a finite-dimensional
space. When K acts by unitary operators, then 7|x splits into orthogonal sum of irreducible repre-
sentations by Peter-Weyl Theorem [Knal6, Theorem 1.12]:

T|g = @ neT (3.43)

rekk

with K denotes the equivalence class of irreducible representations of K, and n, € NU {co} is the
multiplicity. Consequently, K-finite vector is dense in V. We call all those 7 with positive multiplicity
in 7w the K-types of .

One can prove for irreducible unitary representation on V', the multiplicities n, < dim 7 for every
7 in K-type of m (c.f. [Knal6, Theorem 8.1]). This then motivates the following definition:

Definition 3.19. A representation of linear connected reductive group G on Hilbert space V is
admissible if:

1. 7(K) operates by unitary operators;

2. Each K-type of 7 has finite multiplicities.

If K is furthermore maximally compact, then every K-finite vector in an admissible representation
is a C*°-vector, and moreover is the space of K-finite vectors is stable under 7(g) (see [Knal6, Propo-
sition 8.5]). Consequently we have admissible representation induces a representation of g on K-finite
vectors. we can define any two admissible representations m and 7’ of G on V and V' respectively are
infinitesimally equivalent if there is a linear isomorphism L : V' — V' such that 7(g)L = L7'(g).

Analogically can define ¢-finite vectors in a representation of g on V' to be those vectors such
that U (PC) -v is finite dimensional; and admissible representations of g to be such where £ acts as
skew-adjoint operators and each £-type has finite multiplicities. Note K acts on V as unitary operators
implies that ¢ acts as skew-adjoint operators.

48
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The significance of admissible representations is twofold: First it allows us to define two type
of characters, from which we are enough to distinguish infinitesimally inequivalent representations;
Second its character can be expressed as a locally integrable function of G which is analytic on the
regular part. we focus on the first property here. As it turns out in Theorem 3.26, the characters has
determined if the cohomology vanish.

Theorem 3.20. [Knal6, Theorem 8.7 & 8.9; Corollary 8.10 & 8.14] Let 7 be an admissible represen-
tation of a linear connected reductive group G on V. Let Vi be the subspace of K-finite vectors in V,
then:

1. For any u € Vp,v € V, we have the function m,, : g — (7(g)u,v) a analytic function on G;
2. Any g-invariant subspace of K-finite vectors is G-invariant;

3. There is a one-to-one correspondence between:
{closed G-invariant subspaces of U of V'} «— {g-invariant subspaces of Uy of V;}

The correspondence being Uy = UNVy and U = Uy. In particular, 7(G) has no nontrivial closed
invariant subspaces in 'V if and only if w(g) has no nontrivial invariant subspaces in Vy. In such
case we call m irreducible admissible.

4. If 7 is irreducible admissible, then each member of Z(g®) acts as scalar operators on V.

More generally when G is an admissible representation m for which 7(Z) acts as scalars on K-
finite matrices (in particular when 7 is irreducible), we can define a character x : Z(g®) — C given by
m(Z) = x(Z) -id. In such case we say 7 has infinitesimal character Y.

While this character garners information of differential operators on GG, the other type of character
gives information on L*(G). Recall (f) := [, 7(g)f(g) dg gives a representation of C°(G) on V.

Definition 3.21. Given an admissible representation (7, V') of G on has a global character O if for
all f € C°(Q), m(f) is of trace class when considered as a endomorphism of V and if © : f +— trm(f)
is a distribution.

Now admissible representations works acts an ideal receptacle for global characters, as the following
reveals:

Theorem 3.22. [Knal6, Theorem 10.2] An admissible representation  of a linear connected reductive
group G has a global character if the multiplicities of each K-type is universally bounded by their
dimension. that is, there is a C' > 0, such that n, < Cdim 7 for all T € K in the decomposition 5./5.
In particular, every irreducible admissible representation has a global character.

3.3 Continuous Cohomology and Vanishing Results

In this section we brought cohomological meaning to representations. Given X = G/K with Rieman-
nian volume and Haar measure chosen at Remark 3.4, we want to break L2QP(X) into irreducible
unitary representations of G. Now note in view of Cartan decomposition, there is an isomorphism
of homogeneous vector bundles APT*X = G xg APp*, which indeed gives an isomorphism of G-
representations:

L2QP(X) = L*(X,APT*X) = [L*(G) ® APp*]|K (3.44)

Now Plancherel formula have already allow us to understand L?(G) by trace of the representation on
it. What we need is to decipher K-invariant space [V ® APp*]¥ occurring in Plancherel decomposition.
To understand them we need to first frame them into a cohomological setting, and then we can use
the homology theory tools to yield many vanishing results. These altogether will give the answer to
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3.3. CONTINUOUS COHOMOLOGY AND VANISHING RESULTS

L?-Betti numbers directly. For Novikov-Shubin invariants and L2-torsions, this however requires a
closer inspection of the respective representations.

We shall first begin laying the cohomological frameworks.Throughout this section the group will
again be a linear connected reductive group, mostly semisimple. The proofs can largely be retrieved
from [BW13].

The aforementioned properties of admissible representation are so crucial to our ensuing discussions
that we axiomatize them as following:

Definition 3.23. Let G be a linear connected reductive group with K be one of its maximal compact
subgroup. A (g, K)-module (resp. a (g,€)-module) is a real or complex vector space V which is
g-module and a semisimple K-module (resp. semisimple ¢-module) such that:

1. Every v € V is K-finite (resp. £-finite) module;
2. Forallk e K, X € U(g) and v € V, we have 7w(k) - (7w(X)) - v = w(Adg(X))7w(k)(v);

3. If F is a K-stable finite-dimensional subspace of V, then the representation of K on F is
differentiable, has 7|¢ as its differential.

Note the second and the third are solely reserved for the (g, K)-case to make sure the compatibility
of two representations. For (g, ¢)-modules we restrict the module structure of g to ¢. In particular,
from the above discussions we see for admissible representations V' is both a (g, €)-module and a
(g, K)-module.

Now we are ready to define the cochain complex. Fix a representation (m, V') of g, where the space
V over a field F is often infinite-dimensional. Denote C? = C%(g; V) = Hom(A%g, V'), with differential
d:C1— CItl;

df (Xo, -+, Xy) = Z(—l)i'f(Xo,“' X, Xy)
i
+ 3 (D F(X X Xo e Xy, X Xg) (3.45)
1<J
Define furthermore the endomorphisms 7x,0x respectively by:
ixf(X1,, X )':f(X Xy, -0, Xg-1)

Ox f(X1, - X Zle, X6 X Xg) + X - f(Xy, -, X,) (3.46)

Invoke from differential geometry that d,ix,80x here corresponds to the covariant derivative V, the
contraction iy, and the Lie derivative Lx on (p,0)-tensor respectively. Consequently from Cartan’s
magic formula one has x = doix + i, o d. Further define:

CUg,{ V) :={p e C¥g; V) |Vz € tixd = Oxd = 0} (3.47)

One can then readily check this is a submodule stable under d. Consequently one can define rel-
ative cohomology groups HY(g,¢ V). One can also identify the relative cochain complex with
C9(g,t V) = Home(A%(g/t),V), where ¢ acts on A(g/t) via adjoint representation induced on g/¢,
ie, for X € ¢ and X, € g/¢,

Xf(Xla 7Xq) :Zf(Xlu 7[X7Xi]7"' 7Xq) (348)

It is straightforward to check this is a (g, £)-module.

Analogously we can define C(g, K;V) := Homg (A%(g/t;V)) with K acts again via adjoint rep-
resentation. Take Ky to be the identity component of K, then derivative at e and exponential map
gives a isomorphism Homp,(A%(g/€); V) = Hom(A%(g/¢); V') where K/Kj acts naturally on the left.
Consequently, we see C9(g, &; V)5/Ko = C4(g, K; V) since the action clearly commutes with d, we have
H%g,K;V) = H(g, &; V)" 5o,
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Remark 3.5. (g, £)-cohomology can be related to differential form in the following sense: If we take
F =R and let K be a closed connected subgroup of G, with respective Lie algebras g and ¢. Now if V'
is a smooth G-module, then an element of C%(g, & V') = Hom¢(A%(g/¢), V), defines an g-form on G/K
at eK. Since G acts transitively on G/K, this then induces a G-invariant ¢-form w € QI(G/K;V).
Conversely, w evaluates at e gives an element in C7(g,€; V). Hence we have a graded isomorphism
from G-invariant differential forms Q*(G/K; V)% onto C*(g,€; V). In particular, when G is compact,
we have then H*(g, V) = Hjz(G/K;V) since all forms in such case can be made G-invariant by
averaging the inner product over G.

We can more generally define abelian categories of (g, £)-modules and (g, K')-modules with enough
projectives and injectives. Consequently one can define Ext-functors Extg (U, V) and Extq U, V) as
the derived functors of Homy (U, V') = Homg (U, V') and of Homgy g (U, V') respectively. For details see
[BW13, Chapter 1, §2].

Now by appealing to general theory as in [CE16, Chapter IX, Corollary 4.4], we see:
Ext! (F, Homp(U, V)) = ExtZ (U, V) (3.49)
for any (g, €)-modules U, V. Now we need to identify the left-hand side with H9(g, ¢ V):

Lemma 3.24. When F is a field of characteristic zero and ¢ if reductive in g, then for any (g, £)-
module:
Hi(g,&;V) = Ext;E(F, Homp(F,V)) = Extgvk(F, V) (3.50)

Proof. By taking X, := g ®¢ A9(g/t), we define an projective resolution of F":

0q o1

Xy Xg ——— F 0 (3.51)
with € : Xg — F the augmentation and 9, : X, — X,_1 the same way as 3.45. Note each X, are
projective since it follows from [BW13, Chapter I, §2.4] that for each (g,€)-module V', the induced
module g ®¢ V is projective.” Consequently we see the above chain is exact, and then defines a
projective resolution of F. Now Homgy(X,y, V) = Homg(A%(g/t),V) by Frobenius Reciprocity, and
from the definition of C%(g, ¢ V') we see the claim of the lemma readily follows. O

The above construction can be analogously extended to Ext-functor in the category of (g, K)-
module. From the definition we can easily derive that Homg x (U, V) = Homg o (U, V)K/Ko Conse-
quently apply this to the projective resolution, and we have:

Ext? (U, V) = (Bxt? o (U, V)50 = Bxt? (U, V) /5o (3.52)

The last thing we need before stating our first vanishing theorem is the dual structure (g, K) and
(g, £)-structure on the dual vector space V'. Note V' does not remain to be a (g, K )-module mostly,
so we need a suitable subspace.

Definition 3.25. Given (7, V') now a (g, K )-module, we then define contragredient (g, K')-module
to V be the space of K-finite vectors in V', with the contragredient representation 7 be 7(z) :=
nt(—z) of x € g, where 7! the transpose of w. Similarly for (g, £)-module W we define contragre-
dient (g,f)-module to W be the space in V' spanned by all €-finite dimensional subspaces, with
contragredient representation.

4Reader is to note here the £-module structure of g is induced by adjoint representation.Moreover, as a byproduct
of the proof, one see the £-module structure given by right multiplication on g-component coincide with the induced
t-module structure on tensor product via adjoint representation on g-component and intrinsic &-module structure on U
itself.
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3.3. CONTINUOUS COHOMOLOGY AND VANISHING RESULTS

Theorem 3.26. [BW13, Theorem 4.1& Theorem 5.3] Let U,V be two (g,¢)-modules (resp. (g, K)-
modules) with infinitesimal characters xu, xv respectively. If xu # xv, then the Ext-groups Ext?(U, V)
and Ext;K(U, V') ) vanish for all q’s respectively. In particular, if U is finite dimensional and x5 # xv,
then H1(g,&; U @ V) and Hi(g, K;U ® V) vanish for all q’s respectively.

Sketch of Proof. We skip proof of the first part. Roughly speaking, when two representations have
different infinitesimal characters, then one can find an element z € Z(g®) that ‘separates’ two func-
tional such that xy(z) = 0, and xr(2) = 1, then one proves that Z(g®) act on Ext!(U, V) via left
multiplication is independent of its action on U,V respectively. Consequently we have the desired
result.

Assuming the first part, the second part follows readily by observing U = U’ due to finite dimen-
sionality, therefore from Lemma 3.24 and 3.49

H(g,t,U@p V) = H(g,t,Homp(U’,V)) = Extl (U, V) (3.53)
O

Now we are to discuss a special case of vanishing theorem where € plays an essential role. Let
V = H® FE, with (p, E) is a finite-dimensional continuous representation of G, and (o, H) is a unitary
(g, £)-module, that is H is a pre-Hilbert space on which g acts as formally skew-adjoint operators. Then
T = 0 ® p is the tensor product of representation on H ® F given by 7(x) = o(x) ® idg +idg ®@p(z).
Take K with Lie algebra £ to be a maximal compact subgroup of G, then by Cartan decomposition
we have

C(g, & V) = Home(A%, V) = (A%* @ V)* (3.54)

Meanwhile, since [p, p] C £, we have the second term in 3.45 vanishes, and to stress the representation
T, we write

df (Xo,--+, Xg) = D (=1)'m(X) - (f(Xo, -+, X+ X)) (3.55)
(2

Now endow F with an admissible scalar product, i.e., one which ¢ acts via skew-adjoint operators
and p acts as self-adjoint operators. To see one can always do such with finite-dimensional repre-
sentations, first lift the representation to g© on V using the intrinsic complex structure on V. Then
restrict to €@ ¢p, which is the Lie algebra associated to the compact dual. Now applying the averaging
argument to G to get a unitary representation on V, then we left the reader to check it is the desired
scalar product. Consequently we can give V' the tensor product representation(, )y ® (, ) g, and recall
the scalar product on A%p* is induced by B(—, —), which is positive definite on p. (c.f. Definition 3.17)

Now we can accordingly define an adjoint representation 7 of g with respect to (—, —)y, then we
see 7*(#) acts as skew-adjoint operators, and:

(X)) =idg 9p(X) —o(X)®idp i X ep (3.56)

Now we may define a dual differential 6 : C9(g, & V) — C97 (g, & V) by:

m

on(Xo, -+ Xg) = Y 77 (V5 (n(Yy, Xo, -+ , X)) (3.57)
j=1

where Y; is a orthogonal basis of p with respect to the real part of trace form. We leave the reader to
check §(C?) C C?~! and moreover for each n € C%, u € C971 one has (0, ) = (n, du).

Naturally we now define the Laplacian of the chain complex C*(g,¢;V): A = dd + dd, then the
following lemma shows the Laplacian in such case is essentially the Casimir element as defined in
Definition 3.17:
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Theorem 3.27 (Kuga’s Lemma). Let 7 = 0 ® p and view V as a (g,%)-module under 7, with
corresponding Laplacian A-. Then:

A= (p(Q) —a())n (3.58)
where Q0 is the Casimir element.

Proof. See [BW13, Chapter II, Theorem 2.5]. The proof is elementary. O

Now we have the vanishing of cohomology totally determined by Casimir element in case of irre-
ducible admissible representations:

Proposition 3.28. Assume that 0(Q2) = s-idy and p(?) = r -idg, (This is in particular the case
when H is an irreducible admissible representation and E is furnished with g-invariant metric), then:
1. If r # s, then Hi(g,t, H @ E) =0 for all q’s;

2. If r = s, then all cochains are closed, harmonic, and we have:

Hi(g,; H® E) = C%(g,¢, H® F) for all q¢’s

3. If (p, F) is further irreducible, then H*(g, ¥ E) = 0 if p is nontrivial, and H1(g, %, F) = C(g, & E)
for all q’s if p is trivial representation.

4. If Hi is the space of K-finite vectors in an irreducible admissible representation H of G. Then
Hi(g,t Hi) = Homg(A%, Hr) if 0(Q) = 0; and H*(g,%; Hx) vanish if otherwise.

Proof. First by Kuga’s Lemma we have A; = (r —s) -idggr on C*(g,%; H ® E). Hence if r # s, then
for n € CY such that dn = 0, then An = dén. Then n = (r — s)~! - dén, hence is a coboundary, and
hence we have the first part.

When on the other hand r = s, then A = 0, then argue as in Lemma 2.20 one has dn = dn = 0 for
all n € C? for all g. Hence the second part.

Now if p is irreducible, then we have by Schur’s Lemma, p(€2) = r - id, also note that by [Knal3,
Proposition 5.28(c)] we have r = 0 if and only if p is trivial representation. Hence the third statement
readily follows by taking o to be trivial representation. The last statement is straightforward. O

From now on we want to focus on the (g, K)-cohomology when V' is a discrete series representation
or induced representations (7 ;,, H M) as occurring in Plancherel formula. To prepare this, we first
need to better understand the infinitesimal characters, and second to discuss its interplay with discrete
series and induced series respectively.

As observed by Harish-Chandra [HC51], the infinitesimal character is completely determined by a
functional on some Cartan subalgebra hC. In fact he constructed an explicit homomorphism:

Definition 3.29. We define the Harish-Chandra homomorphism to be an homomorphism ~ :
Z(g%) — U(H®) such that for all Z € Z(g®) and A € (h©)*:

NZ)A) =77+ (Z)(A = d¢) (3.59)

where 7}, is the projection fo Z(g%) onto U(h%) N Z(g®), and 6¢ = 3> ca+ @ the half sum of
positive roots.

Theorem 3.30. [Knal6, Theorem 8.18] v is an algebra isomorphism of Z(g®) onto the subalgebra
(UBENWY of UB®) containing all those elements fized by algebraic Weyl group W := W (HC : g©).
Moreover, the homomorphism is solely dependent on choice of Cartan subalgbera b€ and is independent
of choice of positive system A™T.
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3.3. CONTINUOUS COHOMOLOGY AND VANISHING RESULTS

So now for any v € (h€)*, we can define x4 as a linear functional on Z(g®) using Harish-Chandra,
homomorphism as:

xa(z) = A(y(z))  for z € Z(g") (3.60)
by extending A to a linear functional on U(h®) via universal property. Now it turns out all linear

functional on Z(g®) are characterized in this way:

Theorem 3.31. [Knal6, Proposition 8.20 & 8.21] Every homomorphism from Z(g®) to C is of the
form xa for some A € (§€)*. Moreover, if xp, = Xa,, then Ay = wAy for some w € W(h© : g©).

This in turn gives us more information about discrete series in Theorem 3.13 and principal series,
namely those series induced from parabolic subgroup in the way as in Definition 3.14, as listed below:

Theorem 3.32. [Knal6, Theorem 9.20 & Corollary 12.22] Let G and the Harish-Chandra parameter
A as in Theorem 3.13, then for A € (ib)* nonsingular and \ + d¢ analytically integral, we have the
associated discrete representation wy has the following properties:

1. 7w has infinitesimal character xy;
2. mx|k contains with multiplicity one the K -type with highest weight A = XA + 6¢ — 20k ;

3. If N is the highest weight of a K-type in )|k, then A is of the form: A" = A+3" ca+ Naer for
integers ng > 0.

4. Any given K-type p occurs in only finitely many discrete series;
5. The trivial K-type appears in no discrete series unless G is compact.
Remark 3.6. In particular, when G is itself compact, we see the infinitesimal character of an irre-

ducible representation V' is A + dg with A the highest weight of V. This can either seen from the
theorem above or as a product of Theorem of the Highest Weight (c.f.[Knal3, Theorem 5.5]).

Proposition 3.33. [Knal6, Proposition 8.22] Let M AN be a parabolic subgroup of G, with t a 0-stable
Cartan subalgebra of m, and let o be an irreducible unitary representation V- of M with infinitesimal
character Ny with respect to t€. Now if v € (a®)*, then the induced representation Tow i Defini-
tion 3.1/ has infinitesimal character A, + v € ((a @ £)©)*.

These additional information, together with Theorem 3.26, then gives us our third vanishing
theorem:

Theorem 3.34. [BW13, Chapter II, Theorem 5.3] Given (my,V)) be a discrete series representation
with Harish-Chandra parameter X. Let H be the (g, K)-module of K -finite vectors in V', and (o, F)
be an irreducible finite-dimensional representation of G. Then:

1. If the highest weight of (o, E) relative to AT is not A — d¢, then Exté’g(E, H) =0 for all i;

2. If the highest weight of (o, E) is A — dg, then dim Homg(Alp @ E, H) = 1 if i = %G/K); and it
vanishes if otherwise.

Remark 3.7. As a side remark, we note an irreducible finite-dimensional representation V' of g, which
is of course admissible, has infinitesimal character A = A+ g, with d¢ the half sum and A the highest
weight of V. This is a byproduct of Harish-Chandra map(c.f. [Knal3, Proposition 5.42ff])

Proof. The first part is a direct consequence of Theorem 3.26 and Theorem 3.32. Since y(my) = A
and x, = Ay + g, where A, is the highest weight of (o, F).

As for the second part, first note:
Ext} (E,H) = H'(g,t E* ® H) = Hom¢(A'p ® E, H) (3.61)

To compute the dimension of right hand side, we first observe the weights of A%p® @ E.
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Let A, := A — Ak the set of noncompact roots and define A7 = A, NA*. By considering the
adjoint representation of g on Aip(c, since ady preserves Cartan decomposition in our case, we see the
weights are sums of noncompact roots. Consequently by rewriting as difference of sums of positive
roots and take 8, = g — 0k, we see the weights of A’pC are of the form 26, — Q with Q the sum of
elements in A, the highest weight module being A%C of multiplicity one by basic properties of root
space decompositions. (c.f.[Knal6, Proposition 4.1]) For E we have a similar result. By Theorem of
Highest Weight (c.f.[Knal3, Theorem 5.5]) we see the weights of E are A — g — @’ for some Q' the
sum of positive roots, with the highest weight A — ¢ of multiplicity one.

Consequently, we see only the weights of A’p® ® E are 26, + A\ — dg — Q" = A+ d¢ — 20k — Q"
with Q” = 0 if i = ¢, and in such case the height weight A\ + dg — 20k of multiplicity one. Now from
Theorem 3.32 and the fact K-homomorphism preserves K-type, that

dim Homg (A% @ E,V)) = 1 (3.62)

where V) is the discrete series of G with infinitesimal character A, and have unique K-type of highest
weight A + dg — 20k O

Lastly we want to calculate the (g, €)-cohomology for induced representation my ;, as appeared in
Plancherel formula. This part is rather technical, which involves a use of Hochschild-Serre spectral
sequence [BW13, Theorem 6.5] to cuspidal parabolic subgroup p. For the simplicity of discussion
we omit the details here and satisfied with a full statement without proof. For details the reader is
referred to [BW13, Chapter III, Theorem 3.3 &Theorem 5.1].

We again begin with a ©-stable Cartan subalgebra § of g, we consider t := hN€ and a := hNp the
Cartan subalgebra of £ and p respectively. Recall now Proposition 3.33 shows an induced representation
o ®expr® 1 from parabolic subgroup P = M AN can be written as an element )\, + v of (h©)*, with
A\, the infinitesimal character of o. Take now W, := W (h® : g©), and we define

== (A € (65)" | —da € Wy - (A + 1)} (3.63)

where Wj- denotes the adjoint action of Weyl group on (h©)*. With slight abuse of notation, we can
identify = as a subset of all discrete series of M.

Theorem 3.35. [BW13, Chapter III,Theorem 5.1] Let (my ;y, HM") be the induced representation in
Plancherel formula. Then H*(g, K; HI)}’“') # {0} only if P is fundamental, v =0, and \ € Z, and:

T_m i c n—m’n-‘,-m
dim H”(g, K; H)") = (- > ) fp [ 2002 ]
0 if otherwise.

(3.64)
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3.4 L’-invariants of Symmetric Spaces

From now on let X = G/K be a Riemannian symmetric space of the noncompact type. Here G is
a real linear connected semisimple Lie group without compact factors. Let I'" be a group acts freely,
properly and cocompactly on X, then I'\ X is a compact locally symmetric space. Moreover, we can
identify I' with a torsion-free lattice of G, i.e., a discrete subgroup that acts cocompactly. Then we
have the following vanishing theorem:

Theorem 3.36. [O1b02] Let n = dim X and m(X) := rankc(G) — ranke(K) be the fundamental
rank of G. Then:

I b](f)(X;/\[(F)) # 0 if and only if m(X) =0 and p = 5. In this case,

400 = (-0 = 2 (3.69)

IT oy (X;N(T)) # 0ot if and only if m > 0 and p € [25™ + 1, 5™]. Within this range,
ap(X;N({T)) =m (3.66)

II p)(X) # 0 if and only if m(X) = 1.

IV Suppose further m(X) =1, then X = Xo x X1, where X¢ is a symmetric space of non-compact
type with m(Xo) = 0, and X1 = X4 = SO(p,q)?/SO(p) x SO(q) for p,q odd or X1 =
SL(3,R)/SO(3). In such case, the L*-torsion of X is correlated to the volume of I'\X by:

pP(X) = vol(D\X) - TP (X) (3.67)

where T®?)(X) is a constant given by:

(a) Let X¢ the compact dual of Xy, then:

TA(X) := (—1)8mXo)/2. 2200 p2)(x 3.68
(X) = (1) A (3.63)
(b) T (X,,) = (—1)pq§1X(Xg—l,q—l)zgf)t%;)’ where Cpyq—1 is a constant defined as:
n—1 . | m n (_l)kJrl
o= N (L™ NTKP L (n— )P 3.69

with K,Zj the integer coefficients at degree 2k of the polynomial P]”(a:) = %
(c) If X1 = SL(3,R)/SO(3), then:

™

T@(SL(3,R)/SO(3)) = 3 vol(XT)

(3.70)

If the invariant metric on X is induced from twice the trace form of the standard represen-
tation of sI(3,R), then vol(X?) = 473, and hence T (X) = L

— 8r2-
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We begin our proof of our theorem by first reinterpreting Plancherel formula using representation
data. Denote G as the equivalence classes of irreducible unitary representations, we first want to recall
the abstract Plancherel formula, the idea of which dates back to von Neumann:

Theorem 3.37. [Dix82, Theorem 18.8.1] Let G be a linear connected semisimple group.” Let X be the
left-reqular representations of G. Then there exists a positive measure p on G and an isomorphism
W:
W L*(G) = /AHﬂ ® H du(r) A= /Aw®idH; dp(m) (3.71)
G G
where H* is the dual Hilbert space of H. There is a complete analog for right reqular representations.

Now we recall Kuga’s Lemma, which in our case 7 = X is the left-regular representation. Hence
under the identification L2QP(X) = [L3(G) @ APp*]E,| we see A, = —[A\(Q) ®idpry+] ¥, with right hand
side the induced map at K-invariant level. This together with 3.71 gives:

A, = - /@ 7(9) © idggz ompepsc dia(m) (3.72)

Now we turn to the explicit formula as given in Plancherel formula, note it in particular says p is
supported in a subset of G which is parametrized by principal series induced from parabolic subgroups.
Moreover, by Theorem 3.20 we see {2 acts on each element of G as scalars, whence we can take () as
a scalar function on G.

More explicitly write X = X+ X, + X € adm@n with respect to the Langlands decomposition,
and also n acts trivially, we have:

d -1 d iv+pa
miv(X) 0 f(1) = — o fexp(tX) )|,y = Z (" @ o @ 1)(exptX) o f(1)] (3.73)
= ((v + pa)(Xa) + 0(Xm)) f(1)
Moreover, we note with regard to Killing form B(—, —) we can choose a basis of m and consequently
construct the respective Casimir element €2y; for M. Consequently we have:
() = —(iv,iv) = (pa, pa) + o (Qar) = —=[V[|* = | pal® + m(Qr) (3.74)

where 7y is the discrete series of M with infinitesimal A. This together with 3.72, gives the following
lemma:

Lemma 3.38. Using the notations and settings of Plancherel formula, and take P; = M;A;N; the
Langlands decomposition of cuspidal parabolic subgroup P; constructed from the 6-stable Cartan
subalgebra H; (c.f. Remark 3.1), then we have:

trary e = vol(M\X) Y / e tIHloall=mx(a0)) gim [ MY @ APp* K pe(iv) dv (3.75)
=1 xerr, " "

Proof. First note the heat kernel e #2#(x,y) is G-invariant, since G-acts isometrically on X = G/K,
hence we have e *2¢ (2K, yK) := hY(y ') is a smooth function on G. We know from general theory
that it is a Schwartz function, and it is K-bi-invariant, i.e., b} € [C(G) ® End(AP)]X*X. Moreover, for
f € L2QP(X), we have:

o) = [ W00 () dg (3.76)

Consequently we have tre~*2¢(z,z) = tr h?(e) for any = € X. On the other hand, by 3.72 we have:
e 8 = /a ™Y @ id g g Arpeyxc dpa(T) (3.77)
Now from 3.74 we derive the formula. O]

5In the original text it assumes a larger class of groups, i.e., unimodular postliminal separable locally compact group,
which in particular the class of our concern.

o7
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Proof of Theorem 3.36.1. We begin our proof on L?-Betti numbers, which only depend on discrete
spectrum. First observe that the L2-eigenspaces of Laplacian coincide with all the twisted discrete
series representation, i.e.:

L*(X,NPT*X)g = P He® [Hy @ APp*] (3.78)
ﬂeéd

To see this, we first note 2 acts on discrete series and principal series as scalars. Moreover, as a by-
product of Plancherel formula, we note each discrete series take non-zero Plancherel measure, whence
all discrete series are eigenspaces of Laplacian. On the other hand, by 3.74 we see for fixed eigenvalue
A, we have only finite values of v, the principal series H%% of which the Casimir operator  takes
value A. Now Remark 3.4 says dv is Lebesgue measure, whence all such spaces are of measure zero.
Summing up, we have the desired result.

Now by 4. of Proposition 3.28 it suffices to consider all those discrete series H; on which € acts on
H, as trivially. This in particular says 0 is the only discrete spectrum. Now the non-vanishing result
of such discrete series is given by Theorem 3.34, which we take E = C the trivial representation of G,
which has highest weight 0. Arguing backwards, we have:

1 ifp — dimngimK and Xn = 5G (3 79)

dim[H ® APp* K-
im] vl {0 if otherwise

In the case when G4 # (), such discrete series representation always exists, since one can trivially check

8¢ is non-singular and 26¢ is analytically integral, that is the L?-kernel at degree p := % always
exist. Summing up, we have:
2 dim X
L (XN (D)) = (-) "5 x@(X) (3.80)

where Y@ (X) := Z?:O(—l)ib?) (X) the L?-Euler characteristic. Now we claim L2-Euler characteristic
of a free finite I'-CW complex coincide with the cellular L2-Euler characteristic of I'\ X. This follows
from the fact von Neumann dimension is additive with respect to exact sequences, and we could hence
express the cellular Euler characteristic in terms of the alternating sum of number of p-cells, and note
dimps(ry (Cp(X)) = dimg(Cp(I'\X; C)). Consequently, we have:

400 = ()™ v = S (3:81)

where the last equality follows form Hirzebruch Proportionality. Hence we have finished the proof of
part I. O

As a byproduct of this proof, we have yielded some discrete spectral information, which we sum-
marized here:

Corollary 3.39. The discrete spectrum of A, on L?(X,APT*X) is empty unless m(X) = 0 and
p = dim X/2. In this case 0 is the only eigenvalue of A,,. O

Remark 3.8. Recall Lemma 2.3 that deA is a Borel measure, hence by decomposition of measure
and the fact that A, is essentially self-adjoint, so there is no singular spectrum:

deA — deAdisc + deAcOﬂt (382)

where Agisc and Acong are respectively the discrete and continuous spectrum of the Laplacian. Then
the above corollary gives in particular:

dES = xoF(0) + dEeo (3.83)

with xo the Dirac measure at 0.
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We now prove the part on Novikov-Shubin invariants. By Lemma 1.8 we have (67, )& = ((d?;))1)*,
this together with Lemma 2.2 and Lemma 2.5 gives A > 0:

Fp(X)(N) i= F((d2,))(A) = F((dby) dbe ) (A2) = F((0" 1 dP ), ) (W)

Moreover, we recall F(f) and F(f) — b®(f) give the same Novikov-Shubin invariant. For this sake
we suffices to study just the asymptotic behaviour of F,(X)(\) — bf) (X).
The next is to observe (Ap)minhm(dp” = (6P*1dP)L. . Now since (kerd?)t C (ImdP~1)*, we

conclude from above discussions that:

api1(X) = alF(dhg) = 2 a( FO" ), = 02 (X)) = 2- a(F(Aminlgerap, 10 ) (3:84)

min*

Denote AL = (Ap)min|(ker a1 We see AJ- is again an self-adjoint operator Using the same
argument of Remark 2.4 and Proposition 2.13 we define analogously GL = [ e dF (Al)()\)
and see Hp (t) = trarry e . Moreover, if a;,41 # oo™, i.e, when there is no gap on the spectrum of

Azf around 0, we have:

- (t) — F(AL rry e B — F(AL
_%'O‘I’“(X):tlinéo e 1nﬁ;t() 0 :}Hﬁ‘otmr) In(t) S (3.85)

So now in view of Theorem 3.37 it suffices to consider what is the restriction of domain on the
representation side. By mimicking the argument of Lemma 3.38 we respectively associate with et
a function AP € [C(G) ® End(APp*)]K*K.

Recall the isomorphism L?(X, APaT*X) = [L%(G) ® APp*]¥ and consider the left regular represen-
tation of G on L?(G). This allows us to define on the chain complex of L? p-forms d and ¢ as in 3.55
and 3.57.9 Altogether we have a commutative diagram (at a formal level):

4 Aé 4
(kerd” )t (ker dp ;)™

min min

j j (3.86)

L?(G) @ APp*)K L2(G) ® APp*)K
(L*(G) ® P)(WK( (G) ® APp¥)

Consequently we have Aj = P, 0 [A(G) ® idpry+]¥ with P, : L2QP(X) — ker(d”; )* the orthogonal
projection. This together with the above commutative diagram and 3.72 gives:

AL = /é Q) ® Py du(m) (3.87)

where P, : [Hr ® APp*]5 — (kerdy : [H} @ APp* )X — [Hi ® N”Hp*]K)L the orthogonal projection.
Consequently, we argue like Lemma 3.38 and get:

trarry € Ay = vol(Y Z Z —t I +leall*=ma (1)) dim([Im P, (» j,)|pa(iv) dv (3.88)
P xeMy

Note when m = 0, we have the compact cuspidal parabolic group P = G. In such case we deduce
from 3.79 all dﬁ = 0, whence we can refine the formula to be:

trary e = vol(M\X) Y Y / Hl +leall®=m3(0) Qim([Tm By, s lpa(iv) v (3.89)
P#G xenr, " *

5One should caution that the differential and co-differential are defined formally, since L*(G)¥ is itself not K-locally
finite, hence {L*(X, A*PT*X)}, does not give a chain of (g, K)-modules.
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Proof of Theorem 3.36.11. First note d’; ZAV|(kerdp_1)l is injective, so:
’ A,iv
dim(Im P, (5 ;1) = dim(Im diiy) (3.90)

In view of 3.89 it suffices to consider the case when dp ., is nontrivial. For fixed A,there are two cases:

The first case is if for all v € a*, we have dp , 7 0and HP(g, K, HY W) HP([HMY @A p* K dysy) =
0. In such case we have by 4. of Prop081t10n 5 28 and 3.74 that:
inf my () = ig*(||y||2 + [lpall® = 72 (Qur)) #0  forall v € a* (3.91)
v v
Now since ||V||2 + || pal|? — 72 (2as) is a quadratic polynomial of ||v|| which obviously takes value greater
than 0, we see it is closed map and consequently inf,cq«||V||* +]|pal|* =72 (2a7) > 0. In view of 3.89 this
part is upper bounded when ¢ tends to infinity, hence not contributed to our computation of ay41(X).
In particular, we see if for all proper parabolic subgroup P and for all respective A the cohomology
vanishes, then we have a gap in spectrum and A;, which means ay41(X) = oco™.

So it suffices to consider the second case, that is those A for which H?(g, K, H}\<w) # 0 for some
v € a*. By Theorem 3.35 this only happens to the case when P is fundamental and A € Z. In this case
Proposition 3.28 shows 7y ¢(£2) = 0. Moreover, inspecting the definition of induced representation one
see HM and HM are differed by scaling, and have same action of K that is governed by K N M.
Hence they have the same K-finite dimension, that is:

dim[HM @ APp*]K = dim[HM @ APp*]K = dim HP (g, K, H") (3.92)

Moreover, the right hand side is computed explicitly in Theorem 3.35. But on the other hand, we see

left hand side of the equation have vanishing cohomology, hence dim[H»* @ APp*|% = dim(Im dz)’\ w) +
dim(Im df\;i) for v # 0. Hence computing inductively, we have:
m—1 . n—m n+m
n—m ifpe [t
dim(Im P, (5 1)) = (,"a5m) rel® ] (3.93)
0 if otherwise

Subbing this result in 3.89 and summarize all the discussion, we suffices to compute the power of the

leading term of:
Z/ ~tVI? (i) dv

AEE

(" 7L)

2

Now it suffices to ascertain the Plancherel measure py (iv) for £ € Z. Since P is fundamental, we recall
here the second part of Plancherel formula that:

piv)=c(-1)73" ]

acAt

A +iv, )

(er0) (3.94)

is a polynomial of degree dimn. Hence p)(iv) is nonnegative for v € a*. Now by the definition of =
in 3.63 we see A € Wy - (=dg) N b*, hence we have in particular [, ca+ (X @) = [[oea+ (P, @) when
A € E. In such case p)(0) = £C. Since p, is nonnegative on ia*, we have py(0) > 0.

To finish our proof, now we suffices to break p) = (Ii%n/ 2 D2k into homogeneous polynomials.

Now since the exponential part only depends on the radius ||v|, which we use spherical coordinate,
and note v € RYM%  When P is fundamental, dim ap = m. So we have the following change of
coordinate by taking R = ||v||:

dimn/2

/ eit”l/”Qp)\(’L'V) dv = /” ” p/\,Qk(V) dV/ eft-RQRQk(Rmfl dR)
a* v||=1 0

k=0
dimn/2

_ m+42k
>, Ot
k=0
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Moreover, we see for all A € =, Cy o > 0, since fHVH:lpA(O) dv > 0. Hence we see the leading term of

tra(r) e~ tA% is a non-zero multiple of ¢2 as ¢ — oo and p € ("5, "‘;m — 1]. So now bring this back
to 3.89 and together with 3.85 we have the desired result that cy,1(X) = m in this range. O

Now we started proving the last of three L?-invariants, namely the L?-torsion. First recall Poincaré
Duality that the L2-torsion of an even-dimensional manifold vanish. Consequently, we suffices to
consider the case n is odd. Since n and m have the same parity, we have m is odd and is in particular
greater than 0. Hence A, have no discrete spectrum by I of Theorem 3.36. Retaining the notation of

2.30, we have for T := v’(’)(l?F(\);)):
TO(X) = a (L / kx(t) - 57! dt) + /OO Ex(t)-t~1 dt (3.95)
dsls=0\T'(s) Jo .
where:
1 - 1 -
— E : 1" . p. 054 = E 1Y .p-

is the main part we would like to investigate. To start with, we want to use a slightly different version
of 3.38 by stressing the parabolic subgroup. Note Kj; := K N M is the maximal compact subgroup
of M. Now we recall the induced representation H%”. The restriction of G to K is gives a dense
subspace:

{FeC(K,V°) | F(km) =o(m) 'F(k) forke K,m¢& Ky} (3.97)

Note this restriction is one-to-one since G = KMAN. Hence we can also view H?" = indﬁM o an
induced representation of K from Kj;. Consequently, by Frobenius Reciprocity we have:

[ @ APp"]™ = [V @ APp*] (3.98)
Taking this into Lemma 3.38 we have a new formula of try/r) e tAr:
vy e =vol(T\X) Y~ / e~ tVIHlpall=mx(220)) qim [V @ APp*| KM py (iv) dv (3.99)
=1 xedr, @

Moreover, from 2. and 4. of Theorem 3.32 we see there are only finitely many pairs (P, ) for which
[HM @ AP 2 VA @ AP # {0},

We begin our proof with m # 1 implies the vanishing of p®)(X). In view of the preceding
discussions it suffice to concern with the case m > 2.

Given a parabolic subgroup P = M AN, we choose a unit vector Y € a, and denote its orthogonal
complement in p to be py. Recall m normalizing a, hence we have p* = R-Y™ @ pj, is a decomposition
of Kjr-module. Therefore, in the representation ring of K7, we have since A'Y* = 0 for any [ > 2,
that:

D (=1 p- APt =D (=1)F-p- [APpy @ AP p}]
p=1 p=1
n n—1
= S0P p AP+ (1P (p 4+ AT (3.100)
p=1 p=0

— (_1)l+1Alp§/ — AOddp;‘/ _Aevenp;ﬂ/
=0

In the case when dima > 2, then we can find another H € anpy. We consider the Clifford multipli-
cation of H, that is: cf(H) := AH + _H : A®¥*®p* < A°ddp*. Since M centralizes H, we have c/(H)
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is homomorphism of Kj;-modules. It is also an isomorphism by checking its action on bases. Hence
Avehp* and A°%9p* are isomorphic Kjr-modules. We then conclude from this and 3.100 for such P,
> (=1)PpAPp* = 0. Moreover, from Remark 3.2 we see all cuspidal parabolic groups P has dima > m.
Hence when m > 2, we have kx(t) = 0 and consequently the L?-torsion vanish.

From now on let m = 1. From the discussions above we see the fundamental parabolic group
P = M AN is the only that of our concern, which has dim a = 1. In this case we have, as K R/[ = KNMpy-
modules py = pnEn, where p,, = pNm. Consequently, subbing this into 3.100 we have as K%—modules:

n n dimn
S A = S o) = 3 (—)H (A — A%y @ Al (3.101)
p=0 p=0 =0

Since P is fundamental, we can conclude that the discrete series of M are exactly the representations
induced by My.” Consequently by Frobenius reciprocity, we have [V* @ APp*|En = [V} @ APp*|Eum
where Vi € (Mp)q is the respective discrete series representation of My such that VA = ind%D(V/\).

Consequently 3.101 and 3.99 altogether gives a concrete formula of kx (t):

dlmn
Z Z l+1 dim V}\ (Aevenp AOddpm) ® Aln]KMQcW\
=0 AeMy (3.102)
dlmn ’
- Z Z 1) dim [V @ (A — A°Mp* ) Aln]K?VIQM
=0 xehry,

Where QaA = f e HVH +||pﬂ||2_7r>\(QIW))p/\(il/) dy.

Lastly we see in the case P is fundamental, p) admits an explicit formula as in Theorem 3.15. We
want to compute the constant C' this time. This can help us in deciding the kx for rather simple Xs.
To prepare for this, we choose positive root system AT for (g€ : h€) and restrict it to (€€ : ©) to
have a positive root system A;", where t is the Cartan subalgebra of £, of € and of m. We denote the
respective half sum of positive roots to be pg and px again. Now:

Lemma 3.40. Let P = M AN be the fundamental parabolic subgroup of GG. Denote:
Wa={ke K|Adra=a}/Ky  S%:={exp(iX)K | X €a} c X¢ (3.103)
then we have the constant C' in Plancherel formula takes the following form:

_ 1 [Toea+{a, pc) _ 1 vol(S4) 1 3,100
Wal@m) 2 aear (@ o) [Wal (2m)™ vol(X9) -

Proof. The first equality is explicitly computed in [HC76, Theorem 27.3]. Note in the original text

n— d1m ag

the normalization of the measure dg and dv is different from ours by a constant of 2 and
(2m)™ respectively. Moreover the constant ¢y and cg arising in the text are computed in [HCT75,
Theorem 37.1]. Summing up all these we have the first equality.

The second equality comes from [HC75, Lemma 37.4], which says for all connected Lie group K

with maximal torus T we have:

I (o) = (27r)w:§11((?) (3.105)

aceAt

"We conceal much details here. By [Knal6, Proposition 12.32] we have J/\/[\d are all induced representations of M\ﬂd,
with M¥ := MoZy = MoF(B™) (see [Knal6, Lemma 12.30(1)]. When P is fundamental, the respective Cartan group
is compact, hence has no real roots, whence M* = My, hence our claim is true.
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where the volume are those induced by (—, —) on the left-hand side and A™ is a positive root system
associated with (¢,t). Now in particular this holds for the compact dual G%, which has maximal torus
H¢ with Lie algebra of t @ ia, dual to h =t @ a of g. Now apply this to the middle term, we have:

[locat{apa) . vol(K) vol(HY) _ o vol(S4)
Mocar ()~ 277 Sal@vold) — ™ 7 vol(x4)

(3.106)

where the last equality comes from the fact that the map H¢/T — X¢ : hT +— hK is an isometric
embedding with the image Sff‘. d

The expression of the constant term now gives an analytic proof of Hirzebruch Proportionality:

Corollary 3.41 (Hirzebruch Proportionality). If the fundamental rank of X = G/ K is nontrivial,
then x(I'\X) = 0. Otherwise, one has:

I\ X , X4
\f)l((f‘\\X)) _ (_Ddxm(X)/zvﬁ(Xg) (3.107)

Proof. The first part on Euler characteristic follows directly from Part I of Theorem 3.36. So it suffices
to consider the case when @d # (). From Lemma 3.40 and Weyl Dimension formula implies the
plancherel density at w € @d is:

pr = dim(7)/ vol(X?) (3.108)

where 7 is an finite-dimensional representation of G such that y, = xr. From Theorem 3.30 the

infinitesimal character of m € Gy are W(tC : g©)-invariant, so for fixed infinitesimal character there

[W (t°:0%))|

[W (5:C)]
C.,C

% = x(X%), and now arguing in the backward direction of Part I, by 3.80 and the above

discussion, one has:

are -many equivalence classes of discrete series representations. By [Bot65, Page 175], we

have

d
1y (dim X)/2 ) _ _ X(X9)
(-1) X(T\X) = bliy x (X) = vol(1\X) Z pr = vol(T\X) ey (3.109)
TeGy
Xr=X0=0¢
and we have the desired equality. O

We could of course compute kx (t) using 3.102 for general X with fundamental rank 1, but this
will be extremely complicated. In view of Theorem 3.8 we can break X down to irreducible cases and
the perform the computation for these spaces. More explicitly, we take:

F\X = (Fl X Fo)\(Xl X Xo) = (Fl\Gl/Kl) X (Fo\Go/Ko)

where I' = I'; x I'g, and X; and Xg are respectively the universal cover of their quotients by I'y and
Ty, with m(Xo) = 0 and m(X;) = 1. Now the product formula gives:

PP (XN () = x(To\Xo)p® (X1, N (T'1)) (3.110)
Apply Hirzebruch Proportionality we have:

~ x(To\Xo) (
P (X) = volT0\X0) Xo)p@) (X1) =

) e (. IO
vol(X¢)

In particular Theorem 3.36.IV.(a) is proved.

Now to prove Theorem 3.36.III it suffices to evaluate 3.102 for the simple Lie groups X; with
m(X1) = 1. By classification of simple Lie groups we have

X, = SL(3,R)/SO(3) or X; = SO(p,q)°/(SO(p) x SO(q)) for p < q odd
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We shall handle them in parallel.

Before embarking on proving the main theorem, we are first to compute some constants occurring
in 3.102. First consider the size of Md For fundamental parabolic subgroup recall Md are all induced
from (MO) . Since Mj is linear connected reductive group with fundamental rank 0, we can apply
Theorem 3.13 to parametrize ]\/Zd by it* modulo the action of

Wiy = Nicy, (0/T = Nicy, (8)/Zicy, (8) = W(T : M) (3.111)
Moreover, we see from Theorem 3.30 the infinitesimal character are W (€ : m®)

. . . W (+C.mC . . .
we have for fixed infinitesimal character there are W—many equivalence classes of discrete series
M

-invariant, so altogether

representations. This term is grouped with W4 in Lemma 3.40 by the following lemma:

Lemma 3.42. Let G be a simple Lie group with fundamental rank 1, with P = M AN the fundamental
parabolic group. Let We, be the algebraic Weyl group associated to A(tC : (£,%)). Then:

‘WKZW‘
[We

| S Wal =2 (3.112)
Proof. From [Knal3, Propsition 7.19(b)] we see |M/My| = |Knr/KY,;|. For k € Ky, we have Ady t is

a maximal torus of £, and thus there exists a k° € KR/[ such that Adgt = Adjot. Hence for KM/K%
we can find representative N, (t) and there are canonical isomorphism:

K /KRy = Ny, (8)/Ngo () = Wiy, /W, (3.113)

Summing up, we have |Wg,, /W, | equals to the number of connected components of M. Choose aj
a maximal abelian subspace of p containing a, with corresponding restricted roots ¥ = A(a : g), with
respective Weyl group W (3). Now from [Knal6, Theorem 5.17] we have:

W(Ay : G) = Ni(ap)/Zx (a,) = W(X) (3.114)

Now following the arguments of [Knal3, Proposition 7.85] we see each element of W, have a rep-
resentative in W(A : G) := Nk(a)/Zk(a) and can be extended to a member of W (A4, : G). Now
an case-by-case study yields that the only case in which W (X) contains an nontrivial element that
fixes a is when G = SO(p,1)°, in which case M is connected. In all other cases, M has exactly two
components. This proves the lemma. O

This together with Lemma 3.40, yields an more integrated expression of the constant:

|W (€ : m©)| O |W (€ : m©)| ' vol(S4) 1
(Wil [We,| (2m)™ vol(X)

(3.115)

Proof of Theorem 3.36.IV.(b) (c). In the sequel we evaluate 3.102 in the following steps:

First we evaluate the dimension term. For respective X7 one has:

SO(p—1,qg—1 it G; = SO(p, q)°
M = /(1 0 oy o T [re Gy = S0(.g)
- {<0 ) | ldet Al =1} if Gy = SL(3,R) R2 if G, = SL(3,R)
(3.116)

Moreover, the My-representations on Aln* ® C is irreducible for all I except when G = SO(p,q)°
and [ = %dimn takes the middle degree. This can be easily derived from Weyl dimension formula
(c.f.[Knal6, Theorem 4.48ff]) In the latter case we have two irreducible components A*n & A~ n.

8Note here we use analytic Weyl group rather than the algebraic Weyl group of the original theorem. This is a
byproduct of the induced representation when passing from My to M. For details, see [Knal6, Proposition 12.32]
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Now we mimic the proof of part I, by replacing the pair (G, K) by (M, KY,). Then we see similarly,
by arguing backwards on Theorem 3.34 we have in both cases of X;:

1 if 2p = dimm — dim &, = dimpy and x) = Xpin=

dim[V3' @ APpt @ Aln*] K% = { (3.117)

0 if otherwise

with y denotes the infinitesimal character of respective representations. Then we see the dimension
term in 3.102 is in fact the Euler characteristic of the chain complex C*(m, K9, E), which is only

non-vanishing in the middle dimension. Consequently, we have:

(_1)%dimpm if XA = XAlgs

_ _ (3.118)
0 if otherwise

dim[VO’\ ® (Aevenp:1 . Aoddp:l) ® AZH}K?W — {
Similarly we have the same result when replacing Aln* by A*n* and A~ n*.

The second step is to compute Qg . This comprises of three parts, namely pq, mx(£227) and py (iv).

To compute pg and 7y (2as), we first coin the root systems and weights of pertinent representations.
We first calculate all of these for G = SO(p,q). In such case m = so(p — 1,¢ — 1). In the sequel we
realize the maximally compact Cartan subalgebra h = t®a as follows. Denote E; ; to be the elementary
matrix with 1 at (¢, j)-entry and zero elsewhere. We take the following basis of h:

Epp+1+ Epr1g for i =1
Hy = V/~1(Ey 322 — Fai_29i-3)  for2<i<PH (3.119)
V=1(E2i—12; — E2i2i-1) for 231 < i < B¥4

From now on take n := LJqu’ Then we take a,t respectively to be:
n

a:=RH, t:=@vV-1H,
i=2

Then define the root systems {e;} of (h®)* with respect to H;, then:
AT %) = {Fei e, 1 <i<j<n}
AMC:mC) = {*e;+ej,2<i<j<n}
Moreover, we fix positive systems of roots by:
ATHC g% = {eitej |i A U{e —e i <3}
ATEE mC) = {ei4ej | i £ 5,0,5 > 2 Ufei—ej |2 <i < j}
So readily we see the half sum of restricted roots are respectively:
= |—1i +ei+ ;= (n—1) - La
Pa—Pga—2'26’1 € T€e1— € = (N 61—2 mn-ep
1=
1 (3.120)
pu = 5((n=2ez+ -+ (n—=2)en) + ((n = 2)ez + (n —d)eg + -+ + (n = 2(n — 1))en)
=(n—2)eg+ (n—3)es+---+ Oey

Next we compute 75 (257): By 3.118, it suffices to consider all those 7y such that x) = xaxn+ for
x = [, +, —. On the other hand since A*n* are all finite-dimensional representations, we suffices to use
[Knal3, Proposition 5.28(b)] to see:

Xare (@) = (1A« + pul? = [loar]1?) (3.121)
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where A, is the highest weight of A*n* for x = [, +, —. Consequently, we suffices to evaluate the highest
weight for each representations. First we need to compute the highest weight of representation from
that of their compact dual My = SO(p + ¢ — 2) and then take the effect of Cartan involution into
consideration.

For the natural representation of SO(p + ¢ — 2) on A'RPT4=2 we extend it to a representation on
A!CP*972, In such case we have the weights of the representations are of the form:

{:tejlj:--‘iejr\2§j1<-~<jr withr <lifl<n or rSQn—liflSn}
Consequently we have the highest weight respectively being:
eg+--rceyifN<n or e+ ---+ey_nifN>n (3.122)

Next note eg,--- ,e,_1 are compact roots, and e, is noncompact root, hence the Cartan involution
acts on representations via:

()‘27"' 7)\11) — ()‘Qa"' 7)\n—17_/\n) (3123)
Since the last entry of pas is zero, we see it does not affect the norm. Altogether we have for [ < n—1:

Xats (1) = (A + 0ar[l* = [[6ar]1?)
H(n_lv"' 7n_l7n_l_27"' 7O)H2_ H(H—Q, 7O)H2

\ (3.124)
=2n—-34+2n—-5+---+2n—-20—1) - |le1||
=(2n—1-2)|e1|* = (dimn — 1) - |le1||?
since for all i, ||e;||* = |le1||* the normalization factor. Also from the above result we easily see for
[ > n — 1, we have the same i« (237) by symmetry. For « = + case, we similarly get:
1.
Xazn (Qr) = (n(n = 2) + (£1)?) - [ler|? = (n = 1) - [lea||* = (5 dimn)?|le,[|? (3.125)
Summarizing, we have for all cases of SO(p, q)?, we have:
dimn
lall® = Xaewe () = ((n = 1)* = 1(2n = I = 2))lao||* = —— || (3.126)
For G = SL(3,R) we follow the same procedure. Again we fix the maximally compact Cartan
subalgebra h = t @ a as follows:
1 0 0 0 10
a=RH =[01 0]) t=RH:=[-10 0)) (3.127)
0 0 -2 0 00

and m = slp(R) with the matrix embedded as an upper left block. Next fix f; € a* and fy € it* by
fi(Hy) = 3 for fo(Ha) =i, and fix f1 as the positive restricted root of (g : a). Consequently one can
define the positive roots by:

AT g% = (2f0, fi + fo, i — o} AT(C:mC) = {2f2}) (3.128)

We see ||f2]> = %||f1|* and (f1, f2) = 0. Now the finite-dimensional representations of MY are
parametrized by their highest weights {kf2 | k € N} and pg = f1, par = fo and pg = f1 + fo.

Moreover the only nontrivial representation of My is on A'C?, which corresponds to the highest
weight fo. Hence under the bases (A1, A\2) = A1 f1 + A2f2, we have:

Xatw (Qar) = [1(0,1) + (0, D> = [[(0, 1)|* = 3] f]|* = || £ (3.129)
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The third step is to compute the constant term. In 3.115, we have m = 1, and Sfx is a circle of radius
Vol( A)

inverse of the normalization factor we choose. Consequently | o where ag € a* the unique
positive root, which is e; in the case of SO(p,q)? and f; in the case of SL(3,R).

Now we bring 3.115, 3.118, and the formula of py(iv) in Plancherel formula altogether into 3.102,

dim pi +dim n 1 | (€ : m©)| dim n .
Ex(t) = (—1 2 : — 1) g (t 3.130
K= el 0) W] 2 D TRO (3150
with k; explicitly to be:
Jp e PPl [T Outina) g, if G = SO(p,q)°,1 # 4o
—tllv Ay tiv,a A_+iv,o . im
ki(t) = fa* tlv]? . (HaeA+ % + quA+ %) dv if G = SO(p, q)OJ _d 1 n
fa* e—t(||y||2+(1—l)2||a0||2) HaeA+ (AZ;;ZZ;O dv if G = SL(?), R),l =0,1,2

(3.131)
To complete our computation, let kp.(t) = f_oooo e*t(yQ“Q)P(z’y) dy. We note when P is an even
polynomial, we can apply the method of [Fri86, Lemma 2,3]. For the reader’s convenience, we record
it here:

Lemma 3.43. Let P be an even polynomial of dimension 2n. Then the Mellin transform of F(t) :=
Jz e_tyQP(z'y) dy with parameter s € C, for ¢ > 0,

M, (e ' F(t)) == /0 h 5l F(t) dt (3.132)

exists for Re(s) > 2n + 1, which admits a meromorphic continuation with respect to s to C which is
regular at 0, with

Mo(e ' F(t)) = —277/ P(y (3.133)

Proof of the Lemma. By linearity we suffices to assume P = 3?*. Then:

0 B o - L
F(t) = (_a) /]R W dy = (—a) Jrt V2 = p o= (1/2)

where b, = /- 3. 2251 e F(t)t% is a polynomial Q(t~1) of degree n. Next:

1

o0 1
Ma(e—C (1)) = ba/ tsma=3=le=t 4t = b, D(s — a — 5)0—2(8—“—5) (3.134)
0

Now for ¢ > 0 and for Res > a + % the meromorphic extension of Gamma function gives the desired

extension, and since when s = 0, we have I'(—a — l) not on negative integral points, the function is

2
hence regular at s = 0, with the value be:

—tc? L\ 2011 a+1 -3 —2a-1 20— 1, 941
F(t)) = beT(—a — = — (-1 L T
Mo(e @ F (1) = bol(~a — D) = (-1t 2o ym ZL 28 Z2en LR,
2m ¢
— . . _1 a+1 2(l+1 — _2 / . 2(1 d
ViV (T w [ i a
by using z - I'(2) = I'(z + 1) and I'(3) = /7. Now the general result follow from linearity. O

Use this lemma we then see we can save the problem of split the integral into half as in 2.30, and
it makes sense to speak of ds(F(s)M (e7 F))|s—o. Moreover, since 1/T'(0) = 0 and %ﬁbzo =1,
we have

d, 1

%(F(S)Ms(eitc F))

= /OCP(y) dy (3.135)
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Now it is time to evaluate P explicitly, which in our case is the product term in 3.131. We shall handle
them case by case. In the first case, recall 3.124 in particular gives:

+1 n
N=Y (n—it+ e+ Y (n—ie (3.136)
i—2 i=1+2
for n = M + 1 Note for all 7, ||e;|| = ||e1]|. Hence the product term in such case is

ﬁ ﬁ (V=Tv e+ 05 —i+ Dei+ 30 o(n—i)ei e + )
(iv-e1) =
1) i O roi(n—k)eg, ej +eq)

-1 on (V—1v- 61+Zl+1(n—i+1)ei+2?_l+2(n—i)ei,ej —eq)
H H (> h=1(n = k)ex, ej — eq)

J=1gq=j+1
[Ticicn(=v* = (n = 1)*) [Ticj<i<n((n — §)* = (n —0)?) (3.137)
#itl RS

[Ticjcicn((n=5)? = (n —1)?)

N -2 — (n—j)?

BN | S ey
JAI+1

Next for [ = %-case, we note Py (iv) = P_(iv), hence it suffices to compute one of them. Now:

n—1 ; i —
Py (iv) = L5 (=2 = (0 =) [ligjaicna ((n = 5)° = (n —)%) H (n—1) )2 (3.138)

H1§j<i§n((n —j)? = (n—1)?)
Note if ¢ = 0, Lemma 3.43 in particular says F' behaves like polynomial. Hence it is standard analysis
to prove this part contributes nothing to the L?-torsion.

Now apply Lemma 3.43 to 3.130. There are a few more terms we can further simplify. First note
Pi = Pamn_,. Moreover, when X = SO(p,q)°/(SO(p) x SO(q)), denote n := 428 1 = 221 qC
2

50(2n, C), in which case £ = so(p — 1,C) @ s0(q — 1,C), and consequently |W (t€: m®)| = (n — 1)!27,

+7
and |We,, | = &5 l'q 1'2” 1 and w = 2(p : ). Taking all of these together, we have:
m 2
ptqg—2
277( p21 ) n—1 n—1-1 2 2
(2)X — _1 pa—1 2 2l+2/ ( v _(n_j) )d
J#I+1

Now to prove p(2) is non-vanishing in such case, one suffices to prove each summand in the formula
above have the same parity. Here we follow the strategy of [BV13, 5.9.1]. Denote for 0 <[ <mn —1,

that:
2

. l
v? — (n—j)°
I (v) := . Quv) =) 1L;(v)
M = ——p 2
JAIF1
Note II;(£(n — 1 — j)) = 0,5 and use Lagrangian polynomial we see it is the unique even polynomial

of degree < 2n — 2 such that:

1 ifj<k

Qk(i(n_l_j)):{o ifn—1>j>k

Moreover, we have:

ni/n_l_lﬂ()d g/n_l_lQ()d (3.140)
t) dt = t) dt .
1=0 70 l 1=0 /n—1=2 l
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Now it suffices to observe each integral on the right is positive. Note Q) have no roots between
n —k —2,n—k — 1], since deg@), < 2n — 3, and from definition of Q) we have a root on each
interval [j, 7 + 1] for each integral 1 —n < j < n — 1, with j # +k. Hence we have @y is constant on
[n—k—2,n—k—1]. Moreover, Q,(t) is a polynomial of degree 2n —2 and equals to 1 at 2n+2 distinct

points. Consequently, @), = 1. Consequently, we have p;(ﬁl) # 0, with the parity solely determined by
(pg —1)/2.
To conclude the case with SO(p, q)?, we shall not further burden the readers with cumbersome

computation. Instead we note 3.139 is only dependent on p + q. Hence it suffices to compute the
results fo SO(p,1)°/SO(p) =2 HP the hyperbolic space. This was handled with great detail in [HS98].

Lastly we compute X = SL(3,R)/SO(3). Recall the computation in SO(p, q)’-case, we see the
product part in 3.131 is independent of our normalization of inner product, hence it suffices to assume
[f1ll = 3llf2ll = 1, with:

1 1 1 16
[T tbra) = (14 )0 - 2 3) = 20 (3.141)
aEAT
Hence we have Py(v - f1) = Po(v - f1) = 9”2_1, and Pi(v- f1) = 9”1_4. Argue as SO(p, q)°-case, we

see again the middle-order term does not contribute to the L2-torsion, and |[W (t€ : m®)| = |[W,, | = 1,
and from 3.130 we have:

2m Loy —1 m
() (SL(3,R)/SO(3)) = (—1)*T17. / dv = ———t 3.142
To this point is the proof of Theorem 3.36.IV.(b) & (c) finished. O

Proof of Theorem 3.36.111. This part now readily follows from Theorem 3.36.IV since we have
proved the non-vanishing result of all cases of X;. Hence the proof of Theorem 3.36 is finished. [
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